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ABSTRACT. In this paper, we give an overview of new results that define and explicitly
construct Ramanujan Cayley biregular bipartite graphs. We also study the extremal
combinatorial properties of these graphs. This parallels the work of Lubotzky, Phillips
and Sarnak on regular Ramanujan Cayley graphs, with several interesting differences.
Furthermore, this work also proposes a stronger definition of Ramanujan graphs than has
been used in the past, which opens the door to future studies.
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1. INTRODUCTION

Regular Ramanujan graphs were defined by Lubotzky, Phillips and Sarnak in their seminal
paper [LPS88]. These graphs stand out as optimal ezpanders — sparse graphs with strong
connectivity, which have numerous applications in mathematics, computer science, and other
areas. The main result of [LPS88] is an explicit construction of infinite families of regular
Ramanujan graphs, which are furthermore Cayley graphs, now called LPS graphs.

A natural question that arises is how to define and how to construct non-regular Ramanujan
graphs. These questions were touched upon by many researchers, but remain unresolved for
the most part. In this article, we give an overview of our work on Ramanujan bigraphs
[EFMP23| that will appear elsewhere. This work begins a systematic study of the problem,
building a complete theory for the case of biregular bipartite graphs (bigraphs, for short). We
study several definitions of Ramanujan graphs and highlight the strongest one, which yields
the strongest expansion, and for which there had not been previously an explicit construction.
Our main goal is the construction of Ramanujan bigraphs that have an explicit Cayley-like
description a la LPS. The LPS construction uses Deligne’s proof of the Ramanujan-Petersson
conjecture for PGLy/Q, and a major obstacle in generalizing their result to other settings
is that the (naive) Ramanujan conjecture is false for other groups. The explicit construction
of our Ramanujan bigraphs is achieved by proving two separate results in the theories of
arithmetic groups and automorphic representations: a construction of p-arithmetic lattices in
PU3(Q,) that act simply-transitively on the hyperspecial vertices of the Bruhat-Tits trees, and
a study of the automorphic representations which violate the Naive Ramanujan Conjecture for
the algebraic group PUs/Q. In addition, we study the combinatorial properties of Ramanujan
bigraphs and compare and contrast them to the combinatorial properties of Ramanujan graphs.
We also present additional applications of our work to quantum golden gates and other topics.
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2. RAMANUJAN CAYLEY GRAPHS AND BIGRAPHS

A connected k-regular graph X is a Ramanugjan graph if every eigenvalue A of the adjacency
matrix of X satisfies either |A\| = k (these are the “trivial eigenvalues”) or |\| < 2v/k —1. In
the work of LPS k = p + 1, where p is a prime.

More generally, we call a graph X weakly Ramanugjan if all non-trivial eigenvalues of its
adjacency matrix are bounded by the spectral radius of its universal covering tree. We say
X is adj-Ramanugjan if every nontrivial eigenvalue of the adjacency matrix of X belongs to
the adjacency spectrum of its universal covering tree. Finally, the “non-backtracking” (NB)
operator B = Bx of a graph X acts on functions on the directed edges in X by

(2.1) (Bf)(v—u) Z flu—w).
vEW~U

We say a graph is NB-Ramanugjan if the nontrivial spectrum of By is contained in the spectrum
of B acting on the universal covering tree of X. For bigraphs, but not in general, this is
equivalent to the same property for every geometric operator on X, that is, operators that
commute with the automorphisms of the universal cover, and also equivalent to the graph
satisfying the Riemann hypothesis. This is why we call a bigraph that satisfies these equivalent
definitions Ramanujan. More generally, we call a graph Ramanujan if it satisfies the strongest
condition listed above, that is, the spectral condition for every geometric operator. We note
that for the LPS case of regular graphs the notions of weakly Ramanujan, adj-Ramanujan
and Ramanujan coincide, but they do not coincide in the bigraph or more general cases. In
[MSS15], the authors prove the existence of infinite families of weakly Ramanujan bigraphs of
any degrees.

More precisely, for a bigraph X with valency (K + 1,k + 1), we distinguish the left from
the right vertices by K > k. In a profound but essentially elementary study we show that for
bigraphs X the spectrum of the adjacency operator Ax explicitly determines the large part
of the spectrum of the non-backtracking operator By, the remaining part being determined
by cycles in X. The concise knowledge of the spectra for bigraphs reveals that the Riemann
hypothesis on the Ihara zeta function of X is equivalent to the NB-Ramanujan property. And,
in turn, the latter is equivalent to the adj-Ramanujan property together with the vanishing
of the kernel of Ax restricted to the left vertices. In contrast, the equivalence to the full
Ramanujan property is a consequence of the considerations of the Iwahori Hecke algebra.

2.1. Cayley bigraphs. In the work of [LPS88] they made their constructions explicit by
showing that their graphs are Cayley graphs. However, Cayley graphs are always regular
graphs, so we need a new notion that allows for an explicit description of bigraphs. We keep
a group structure on the left vertices and define the right vertices by a certain equivalence
relation that comes from a partition of a set of group generators which must satisfy certain
properties to define a bigraph.

Definition. Let G be a group, St, ..., SE+! CGand S = | | S% such that |S¢| = k, 1 <i<
K +1. Assume S = S7', 1 ¢ S and if s,t € S* then either s =t or s~ and s7! € S/ for
some j. The Cayley bigraph CayB (G, {S'}) is a (K+1, k+1)-bigraph (L U R, E) defined by
L =G, R=Gx{L..K+1}/~ where
. . either  (g,1) = (h,j),
(9,7) ~ (h,j) <= or g'heSiand hlge S,
and E = {{g,[9,i|} |g € G,i € {1,..., K+1}}, where [g,1i] is the equivalence class of (g,1).
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By construction, G acts geometrically on the Cayley bigraph, the action on the left vertices

being simply transitive. We also use the notion of a Schreier bigraph, in which the left vertices
are given by a G-set instead of G itself, and for which similar axioms hold.

3. MAIN RESULTS

Theorem. Let p and q be primes with p =2 (mod 3), ¢ ¢ {3,p}, and w = _1%‘/?3 Let

(3.1) Sy = {g € My (Z[w)

g*g = p?I, g is not scalar,
g= (111) (mod 3) |’
and let Sy = | |, S;, be the partition induced by the equivalence relation
g ~ h if and only if g*h € pM3(Z[w)).

Denote

and
. . (*)
Spq =Sy (mod q) € Gy
where (x) implies mapping w to a root of x* + x + 1 in Fy or in F2 according to q (mod 3).
The Cayley bigraphs
X(;;,q = CayB (Gq, {STZ’:‘I}Z‘>
satisfy:

(1) XE% is an adj-Ramanujan (p>+1, p+1)-reqular bigraph, with left side of size |G4| =~ ¢®/3.

(2) Xg’q is not fully Ramanugan. In particular, £ip3/? are non-trivial eigenvalues of BXZ;‘U
but are not in the spectrum of B acting on the covering tree of Xg;q.

(8) The family {Xg;q}q satisfies the Sarnak-Xue density hypothesis. In fact, +ip®/? are the
unique non-trivial eigenvalues of Bxgﬂ that are not contained in the spectrum of B acting
on the covering tree of Xga’q, and for any € > 0 there is C; > 0 (not depending on p and
q) such that the multiplicities of +ip3/2 in Spec BXZ’Q are bounded by C; ‘X;’q‘S/SJrE.

(4) The group Gy acts on the set

L [PE) g=1 (mod 3)
T {v € P2(Fyw]) [v*v =0} ¢=2 (mod3)’

and the Schreier bigraphs Y2 = SchB(Y1, {Sziz,q}i) are (fully) Ramanujan.

(5) The girth of X3 is larger than 2log, q.

(6) The family {Xf;’q}q exhibits bounded cutoff: the non-backtracking random walk on X514
goes from (1 — €)-mizing to e-mizing (in total-variation distance) in a number of steps
which do not depend on q.

(7) (Diameter) For small enough ¢ > 0, and ¢ > %logp |EX2;«1| + 2log, (é) + 3, for any
ec EX%q we have

He, c Eng there is a non-backtracking path

of length £ from e to €

}‘ Z (1 —5) |EX£;‘1"
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Furthermore, for any two directed edges eq,eq in Xga’q there is a non-backtracking path
from ey to ez of length at most log, \EXg;q| + 10.

We should stress that showing that the graphs X% are not Ramanujan is highly nontrivial,
and is in fact the first explicit example of combinatorial non-Ramanujan objects arising as
congruence quotients of Bruhat-Tits buildings. This demonstrates that unlike the common
expectation for the Riemann hypothesis in number theory, its p-adic (or graph-theoretic)
analogue can indeed fail. Items (3), (6) and (7) in our theorem carry out Sarnak’s “density
philosophy”, which conjectures that when the Riemann hypothesis fails, it can be replaced by
a weaker density hypothesis that yields similar results.

Our results are deduced from a construction in the projective unitary group
1 .
PU; (Q(w),( 1 1)) We also prove an analogue of the theorem above for constructions

in the following groups:

e PU; <Q()\), (?\ Q% , where A = %7 inspired by [Mum?79]),

AA3

10 —2(n+2) n+2 VT )
o PUs <Q(77), (—2(77+2) 10 —2(n+2)>>, where 1 = 5—, inspired by [CMSZ93al
+2  —2(7+2) 10
and [CMSZ93Db].

In these two cases, we furthermore prove that the infinite families of Cayley bigraphs obtained
are fully Ramanujan and not only adj-Ramanujan.

3.1. Combinatorial results. Regular Ramanujan graphs have a number of desirable
properties. We answer naturally arising questions about generalizations for bigraphs by
establishing and analyzing similar properties. These include the following:

e We present a pseudorandomness characterization of Ramanujan bigraphs and develop
a natural and more general notion of biexpanders for which Ramanujan bigraphs are
indeed optimal.

e Concerning sparsification, we observe that this notion of biexpanders does not imply
that biexpanders are good sparsifiers for the complete bipartite graphs anymore, but
that there is a possible interpretation of them sparsifying geometric line-plane graphs.

e We show that random walks on our bigraphs exhibit Diaconis’ cutoff phenomenon (see
part (6) of the above theorem) at the optimal time %logp\EX| with a logarithmic

window size %logp log|Ex|. This is a consequence of the Sarnak-Xue density
hypothesis.

e LPS Ramanujan graphs are known to have large girth, and part (5) of the Theorem
gives a logarithmic lower bound for the girth of the studied bigraphs, which plays a
part in the proof of bounded cutoff for them.

4. LATTICES AND AUTOMORPHIC REPRESENTATIONS OF UNITARY GROUPS IN THREE
VARIABLES

4.1. Simply transitive lattices. From an arithmetic point of view, there are two kinds of
projective unitary groups PUs. First, those arising from an involution of the second kind
on a division algebra and second, the ones given by such an involution on a matrix group.
For both kinds, one considers the local Bruhat-Tits buildings at an inert prime p, which are
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(p® + 1,p + 1)-regular trees. For the first kind of group, if they are compact at infinity,
the quotients of these trees by congruence subgroups give Ramanujan bigraphs due to the
temperedness of their automorphic spectrum (see [BC11, HT01]). But due to their origin,
these graphs are very difficult to realize explicitly (see [BEGT15]).

In contrast, the quotient graphs of Bruhat-Tits trees coming from a matrix group PUs can
have non-tempered automorphic spectra. As we use this approach, a concise study of the
spectrum is necessary to establish the Ramanujan property, as outlined in Section 4.2. Apart
from that, the main idea then is to give lattices in PU3(Q,) which act simply transitively on
the hyperspecial (i.e. left) vertices of the Bruhat-Tits tree in order to gain a construction by
Cayley bigraphs as above. However, such lattices are rare and we altogether give four families:
three arising from the groups mentioned in Section 3, and one given by [EP22]. These groups
are all of class number one, and we use a Mass formula to show that certain sublattices of the

Z [%] -valued points give rise to simply transitive lattices.

4.2. Representation theory and the Ramanujan conjecture. In order to prove that
our Cayley bigraphs are Ramanujan, we first explore how to translate the relevant conditions
from the spectral theory of a quotient of the Bruhat-Tits tree to the representation theory
of PU3(Qp). For congruence arithmetic lattices, we then translate this local condition to
automorphic representations. Let the graph X = A\B, where B is the Bruhat-Tits tree of
PU3(Q,p) and A is a congruence arithmetic lattice. Let K’ be a compact subgroup of PU3(A)
corresponding to A. We show that X is Ramanujan if for every K’-spherical automorphic
representation 7 of PUjs, m, is either one-dimensional or tempered, and establish a parallel
criterion for being adj-Ramanujan.

Next we study the automorphic representations of PUs under certain compact subgroups
to get results about the existence of both Ramanujan and non-Ramanujan bigraphs. As
mentioned in the introduction, to prove that the LPS graphs are Ramanujan, the Ramanujan-
Petersson Conjecture for PGL2/Q is used, that is, that for cuspidal automorphic irreducible
unitary representations m = ®,m, of PGL2(A), m, is tempered for each v. However, the Naive
Ramanujan Conjecture does not hold for PU3/Q. Indeed, representations that are locally
non-tempered do occur. We address this obstacle in two steps. First we use the work of
[Rog90], [Shill| and others to deduce the Generalized Ramanujan Conjecture for the definite
form of PUs, that is, that generic cuspidal automorphic irreducible unitary representations
are locally tempered. This is enough to conclude that all of our graphs are adj-Ramanujan.

Next, we use Rogawski’s classification of the automorphic spectrum of Us [Rog90, Rog92|
to study the levels of the non-tempered representations via their multiplicities and epsilon
factors, the non-vanishing of p-adic integrals, conductors of Hecke characters, and depth
preservation of the theta correspondence. Through this work, we are able to find specific
arithmetic congruence lattices in PU3(Q)p) where only generic representations occur in their
quotients, and we use these lattices to construct infinite families of Ramanujan bigraphs. We
also use the failure of the Naive Ramanujan Conjecture along with our work on the levels of
non-tempered representations to find arithmetic congruence lattices where infinite-dimensional
non-generic representations do occur in the quotient, and use these lattices to construct infinite
families of non-Ramanujan graphs, which are still weakly and adj-Ramanujan. In addition,
we prove the Sarnak-Xue Density Hypothesis [SX91] for 3 x 3 unitary groups associated to a
definite form, giving an upper bound on the multiplicity of non-tempered representations of a
given level.
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5. FURTHER APPLICATIONS AND FUTURE DIRECTIONS

Finally, we present additional applications of our work: golden and super golden gates
for PUs, Ramanujan and non-Ramanujan Cayley complexes of type Az, optimal strong
approximation for p-arithmetic subgroups of PSUs, and vanishing of the first Betti numbers
of Picard modular surfaces.

Our study naturally suggests further research, for example, what are Ramanujan graphs
and what are their combinatorial properties beyond the regular and biregular cases? Do they
even exist? Going beyond PGLs and PUs, what implications for Ramanujan complexes does
the failure of the Naive Ramanujan Conjecture for other groups have?
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