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ABSTRACT. In their seminal paper, Lubotzky, Phillips and Sarnak
(LPS) defined the notion of regular Ramanujan graphs and gave an
explicit construction of infinite families of (p + 1)-regular Ramanujan
Cayley graphs, for infinitely many primes p. In this paper we extend the
work of LPS and its successors to bigraphs (biregular bipartite graphs),
in several aspects: we investigate the combinatorial properties of various
generalizations of the notion of Ramanujan graphs, define a notion of
Cayley bigraphs, and give explicit constructions of infinite families of
(p® 4+ 1,p + 1)-regular Ramanujan Cayley bigraphs, for infinitely many
primes p.

Both the LPS graphs and our ones are arithmetic, arising as quotients
of Bruhat-Tits trees by congruence subgroups of arithmetic lattices in a
p-adic group, PGL2(Q,) for LPS and PUs3(Q,) for us. In both cases the
Ramanujan property relates to the Ramanujan Conjecture (RC), on the
respective groups. But while for PG L2 the RC holds unconditionally,
this is not so in the case of PUs. We find explicit cases where the RC does
and does not hold, and use this to construct arithmetic non-Ramanujan
(p® 4+ 1, p+1)-Cayley bigraphs as well, and prove that nevertheless they
satisfy the Sarnak-Xue density hypothesis.

On the combinatorial side, we present a pseudorandomness charac-
terization of Ramanujan bigraphs, and a more general notion of biex-
panders. We also show that the graphs we construct exhibit the cutoff
phenomenon with bounded window size for the mixing time of non-
backtracking random walks, either as a consequence of the Ramanujan
property, or of the Sarnak-Xue density hypothesis. Finally, we present
some other applications which follow from our work: golden and su-
per golden gates for PUs, Ramanujan and non-Ramanujan complexes
of type Zz, optimal strong approximation for p-arithmetic subgroups
of PSUs and vanishing of the first Betti numbers of Picard modular
surfaces.
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1. INTRODUCTION

A connected (k+1)-regular graph X was defined in [LPS88| to be a Ra-
manujan graph if every eigenvalue X of its adjacency matrix satisfies either

(1.1) A=+(k+1), or |\ <2VEk.

The main result of [LPS88| is an explicit construction of infinite families of
regular Ramanujan graphs, which are furthermore Cayley graphs, now called
the LPS graphs.

A natural question that arises is how to define, and how to construct non-
regular Ramanujan graphs. In this paper we commence a systematic study
of this problem, building a complete theory for the case of biregular bipartite
graphs (bigraphs, for short).

To see where Definition (1.1) comes from, we recall that 2v/k is the spec-
tral radius of the infinite (k+1)-regular tree. The eigenvalues £(k+1) are
usually called trivial, thus X is Ramanujan when its nontrivial eigenvalues
are bounded by the spectral radius of its covering tree.

However, an equivalent definition is that X is Ramanujan if its nontrivial
eigenvalues all belong to the adjacency spectrum of the covering tree, which
was shown to be [-2vk,2VE] by Kesten [Kes59]. Already in the case of
bigraphs, the natural generalizations of these definitions do not agree: The
spectrum of the (K +1, k+1)-biregular tree, for k < K, is

—x/E—\//E,—x/EJr\/%]U{O}U[\/E—x/E,\/I?JH/% ,

so being bounded by the spectral radius VK + vk is not the same as being
in the spectrum. We call these two definitions Weakly- Ramanujan and adj-
Ramanugjan respectively.!

In fact, we introduce an even stronger definition, for which we reserve the
term Ramanujan graph. For regular graphs it is still equivalent to the stan-
dard definition, but in general it is stronger, and has the benefit of controlling
the spectrum of other operators on the graph, notably the non-backtracking
operator. We argue that this is the "right" definition, as we show that it is
spectrally optimal, and that it yields stronger combinatorial and probabilistic
expansion properties, such as Diaconis’ total-variation cutoff phenomenon.

In this paper we construct bigraphs which are Ramanujan in the strongest
sense, and which have an explicit Cayley-like description a la LPS.

The LPS graphs arise as quotients of the regular tree by congruence arith-
metic lattices in PGLy(Q)) (see also [Mar88|), and it is clear that using
other p-adic Lie groups of rank one, one can obtain biregular graphs. The
story becomes complicated since the Ramanujan conjecture, which underlies

1We remark that [MSS15] proves the existence of weakly-Ramanujan bigraphs of every
degrees, but their method cannot guarantee adj-Ramanujanness.
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the graph Ramanujan property, and is true for PGL2(Q,) by the work of
Deligne, is simply false in general. In this work we find specific congruence
arithmetic lattices in the group PU3(Q,) for which the Ramanujan conjec-
ture does hold, and use them to construct infinite families of Ramanujan
bigraphs. On the other hand, we present other arithmetic lattices which
violate the Ramanujan conjecture, and devise from these lattices infinite
families of non-Ramanujan graphs, which are nonetheless adj-Ramanujan.

All this illustrates the delicate connection between the automorphic rep-
resentations of PUs corresponding to congruence lattices, and the combina-
torial properties of their quotient graphs. Under this relation, the graphs
are Ramanujan when the Naive Ramanujan Conjecture holds for these rep-
resentations of PUs. On the other hand, for the adj-Ramanujan property it
suffices that the Generalized Ramanujan Conjecture holds. Note that in the
LPS case the NRC holds for all congruence lattices in PGLs, while in our
case of PUj, the NRC is not true in general, and we have to work harder to

find specific lattices for which the NRC holds.

Another challenge is to give an explicit description of the graphs one
obtains as quotients of the tree. The presentation of the LPS graphs as
Cayley graphs arises from a special feature of the lattices they use, which is
a simply-transitive action on the associated tree. This machinery does not
serve us as Cayley graphs are always regular. We introduce a new notion
of Cayley bigraphs, which is strongly explicit, and find special lattices that
allow us to present our Ramanujan and non-Ramanujan graphs as Cayley
bigraphs — see Example 1.1 for such a family.

1.1. Non-regular Ramanujan graphs. Ramanujan graphs were moti-
vated by the search for ezpanders, graphs with nontrivial eigenvalues of small
magnitude, which have many applications in mathematics and computer
science (see [HLWO06, Lub12]). The Alon-Boppana theorem [LPS88, Nil91|
states that (regular) Ramanujan graphs are spectrally optimal: it says that
for any € > 0, there is no infinite family of (k+1)-regular graphs with all
nontrivial eigenvalues bounded by 2vk — e.

Turning to the general case, let X be a finite (undirected) graph,
Tx its universal covering tree, p(At,) the spectral radius of Ar,, and
pfx the Perron-Frobenius eigenvalue of Ax. We call Specy(Ax) =
Spec(Ax)\ {£pfx} the nontrivial spectrum of X.

A generalized Alon-Boppana Theorem due to [Gre95| asserts that no in-
finite family of graphs with a common covering tree 7 can have all of its
nontrivial eigenvalues bounded by p(A7) — . This leads to the first defini-
tion of Ramanujan graphs:

Definition (1). The graph X is Weakly Ramanujan if every nontrivial
eigenvalue of Ay is bounded (in absolute value) by p (A7 ).
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This definition goes back to [Gre95], and is the one used in [MSS15|, where
the authors prove the existence of infinite families of weakly Ramanujan
bigraphs of any degrees. It turns out however, that one can do better,
insisting that the nontrivial eigenvalues actually belong to the spectrum of
the covering tree.

Definition (2). The graph X is adj-Ramanugjan if every nontrivial eigen-
value of Ay belongs to Spec(Ary ).

This definition is motivated by two fundamental perspectives:

Extremal behavior: If X; is a sequence of finite graphs covered by a com-
mon tree 7 and sup {girth(X;)} = oo, then every A € Spec (Ar) is a limit
point of |J; Spec(Ax,). This is an extension of the Alon-Boppana theo-
rem, realized independently by various researchers (going back at least to
[McK81], [GZ99, Thm. 2|). It follows from convergence of moments of the
spectral measure of Ax,, and in fact holds more generally, for a sequence of
quotients of any infinite graph whose injectivity radii are unbounded.

Random behavior [BC19]: For any € > 0, the non-trivial spectrum of a
random cover of X is contained in an e-neighborhood of Spec(Ar, ) asymp-
totically almost surely (as the cover size grows to co).

The notion of Ramanujan graphs that we propose is stronger than the
two above, and originates in the study of the generalization of Ramanujan
graphs to simplicial complexes of general dimension.

Definition (3). Let X be a finite graph or simplicial complex with universal
cover U. Denoting G = Aut (U), we say that an operator T on (all, or some)
cells of U is geometric if it commutes with G, and an eigenvalue of T acting
on X is considered trivial if its eigenfunction, lifted to U, is constant on
each orbit of the derived group G’ = [G,G]. We call X a Ramanujan
(graph/complex) if the nontrivial spectrum of every geometric operator T'
acting on X is contained in Spec (7).

Definition (3), for which we reserve the term Ramanujan, is somewhat
harder to digest than the previous ones. It may also be harder to verify as it
asks for “Ramanujanness” of every geometric operator, but for this reason it is
also the most useful, as the combinatorial results in Section 4 demonstrate.
Nevertheless, for regular graphs it can be shown to be equivalent to the
the standard definition (1.1) which takes into account only the adjacency
operator, and we will show that for the graphs studied in this paper it is
equivalent to a statement regarding the adjacency spectrum, which takes
into account eigenvalue multiplicity, and not only magnitude (see Theorem

6.5(2) and Corollary 3.3(1)).
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While definition (3) arose from the study of higher-dimensional simplicial
complexes?, already for graphs it enables the study of the “non-backtracking”
(NB) operator B = By, which acts on functions on the directed edges in X
by

(1.2) (Bf)(v—u) Z flu—w).

vEW~U

This operator indeed commutes with Aut (7x), and it is highly useful in
graph theory. Denoting Specy(Bx) = Spec Bx\{%pfp, } (where pfg, is the
Perron-Frobenius eigenvalue of By), we are naturally led to consider two
more “Ramanujanness” definitions for a graph X:

(4) NB-Ramanujan: every j € Specy(By) satisfies u € Spec B, .

(5) Riemann Hypothesis: every . € Specy(Bx ) satisfies |u| < p (Bry)-
This could also be called “weakly NB-Ramanujan”. The chosen name reflects
the fact that p (Bry) = \/pfp, [AFHI15], which implies that |u| < p(Bry)
is precisely the Riemann Hypothesis for the Thara zeta function of the graph
X — see Section 4.4 for more about this perspective.

Observing our five Ramanujan definitions, it is clear that (5) < (4) <
(3) = (2) = (1) tautologically for any graph. It turns out that for regular
graphs the five definitions are actually equivalent, so there is little meaning
in asking which is the right one. In fact, there are papers which consider
(regular) Ramanujan graphs, which actually exploit Ramanujanness of B,
such as [LP16], and this is not guaranteed by Ramanujanness of A in general.

In this paper we study the case of biregular bipartite graphs, which we
call bigraphs for short, and where the various definitions no longer agree. We
suggest a notion of biexpanders (Definition 4.2), which is a weakened version
of the (full) Ramanujan property for bigraphs, and which seems to capture
bigraph pseudorandomness better than the classical definition of expanders,
which relates to the adjacency spectrum alone.

The trivial adjacency eigenvalues of a finite (K'+1, k+1)-regular bigraph
X are £pfy = £1/(K+1)(k+1), and its covering tree is the biregular tree
Tr+ k- Throughout the paper we shall assume K > k, as the regular case
K =k is well understood. The spectrum of T4 pp1 was shown in [GMS8S|
to be
(1.3)

Spec(ATie vu) = [—\/E— Vk,—VEK + \/%}U{O}U[\/E— VE, VK + \/ﬂ )

2See [Bal00, CSZ03, Li04, LSV05, Sar07, Firl6, Kam16, Kan16, LLP20]; the definition we
propose here agrees with [EP22, CP22] for quotients of Bruhat-Tits buildings. From the
number-theoretic perspective, it is equivalent to all Iwahori-spherical local factors of the
associated infinite-dimensional automorphic representations being tempered.
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This means that that X is weakly/adj-Ramanujan if and only if every non-
trivial eigenvalue A € Specy(Ax) satisfies

A < VK +VEk (weakly Ramanujan bigraph),
(14) AX=0 or ‘)\2 - K- k| <2VKk (adj-Ramanujan bigraph).

One can show by examples that (1) % (2) # (3) for bigraphs, but it
turns out that (3),(4),(5) are equivalent (see Corollary 3.3, Theorem 6.5
and Remark 6.6). The trivial eigenvalues of Bx are £pfp, = +v Kk, and
X is NB-Ramanujan (equivalently, Ramanujan) if and only if every u €
Specy(Bx ) satisfies

(1.5)
€ Spec(Bryey vu) = {z € ‘ 2| = V Kk} U {:I:i\/%, :tl} (Ramanujan bigraph).

1.2. Ramanujan bigraphs and applications. The main results of this
paper are a study of the extremal combinatorial properties of Ramanujan
bigraphs, some of which turn out to be different from their regular coun-
terparts, and giving an explicit construction of such graphs. The question
of giving an efficient description for biregular graphs which is obtained as a
quotient of an infinite tree by an infinite group is already interesting: our
goal is to give a bigraph analogue of the famous LPS (Lubotzky-Philips-
Sarnak) graphs [LPS88|. These are regular Ramanujan graphs which have a
neat description as Cayley graphs of finite groups, but by definition, Cayley
graphs are always regular. In order to describe explicitly our Ramanujan bi-
graphs, we introduce in Section 2 a new construction which we call a Cayley
bigraph. Let us give an example to convey the flavor of our construction:

Example 1.1. Let ¢ be a prime with ¢ = 1 (mod 3). Fix p € F, with
p? = —3 (one always exists). Consider the following set of 9 elements of
order 3 in the group PSL3(F,):

2 -1 —a -1 —a
R IERHEEED

The bigraph X;’q is defined as follows: its left side is L = PSL3(F,), its
right side is

a €y,
3

P, } C PSLs (F,).

R= U PSLy(Fa)/(s) = {{¢, 05,45} | L € L,s € S}
5€S5q

(each right vertex is a coset of (s) = {I,s,s?}), and the edges are defined by
membership, i.e. £ ~ r if and only if £ € r (for £ € L and r € R).

The graphs Xfﬂ’q are studied in Section 2.1 (the set S; is the reduction
of {AT,]0 < a,b < 2} from (2.5) modulo g). They are (9,3)-biregular,

and form a special case of (p3+1,p+1)-regular Cayley bigraphs we denote
X249 described in Theorem 8.3 below. The non-backtracking spectrum of
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some Xé’;q graphs is shown in Figure 1.1. They are all adj-Ramanujan, but
not Ramanujan: the eigenvalues +ip®/? appear in their non-backtracking

spectrum, but not in that of their covering tree.

One can obtain proper Ramanujan bigraphs from Xg;q as well: When
¢ =1 (mod 3), the group PSLgs (F,) naturally acts on X2? and the quotient

of X2? by the subgroup (§ z z) < PSL3(F,) is Ramanujan. This quotient

can also be described as a Schreier bigraph (see Definition 2.6), associated
with the action of PSL3(F,) on the projective plane P?(F,,).

The graphs X7 arise from an arithmetic lattice A%, described in (1.10),
which we named “Eisenstein”. In Section 5 we construct three more lattices,
giving rise to more families X7, X"7, X2 We give now a simplified version
of our main Theorem (8.3) for the Eisenstein graphs X2 The results for
the other lattices from Section 5 are similar, with the exception that the
graphs X7 XB9 are fully Ramanujan, and so is X$?, assuming a conjecture
regarding levels in A-packets (Conjecture 7.8). Figure 1.2 shows the non-
backtracking spectrum of some X%, X"? graphs, which is indeed contained
in the spectrum of the tree.

Theorem (8.3, simplified). Let p,q be primes with p = 2 (mod 3), q ¢
{3,p}, and w = _1%‘/?3 Let

2
(16) 5= {g € My (Z[w])

g*g =p°1, g is not scalar,
gz( T%)(modfﬂ) 7

and let Sp = S;", be the partition induced by the equivalence relation

g ~ h if and only if g*h € pMs(Z|w]).

I,
1
*
*

Denote

(%)

and S;yq := 8! (mod q) C G,

B {PSL3 (F,) ¢=1 (mod 3)

T\ PSUs (F,) q=2 (mod3),

where (%) implies mapping w to a root of x*> +x+1 in Fq or in ¥y according
to q (mod 3). The Cayley bigraphs

X2 = CayB (Gq, {S;jq}»
(see Definition 2.4) satisfy:

(1) X% is an adj-Ramanujan (p3+1, p+1)-regular bigraph, with left side of
size |Gq| ~ ¢%/3.

(2) X529 is non-Ramanugjan.

(8) The family {Xga’q}q satisfies the Sarnak-Xue density hypothesis (see de-
tails in Theorem 8.3).
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(4) The group G4 acts on the set

(e, g =1 (mod 3)
T o e PPE ) [vr v =0} g=2 (mod3)’

and the Schreier bigraphs Y2 = SchB(Y1, {S;7q}i) are (fully) Ramanu-
jan.

(5) The girth of X2 is larger than 2log, q.

(6) The family {Xga’q}q exhibits bounded cutoff: the non-backtracking ran-
dom walk on X%9 goes from (1 — €)-mizing to e-mizing (in total-
variation) in a number of steps which does not depend on q.

(7) (Diameter) For small enough € > 0, and { > 3 log, |EX2;L1| +2log, (1) +
3, for any e € EXZ;C‘ we have

there is a mon-backtracking path

‘{G/GEX?LI }‘ > (1—8)|EX2;11‘.

of length ¢ from e to €

Furthermore, for any two directed edges eq,es in Xg’q there is a non-
backtracking path from ey to e of length at most log, |EX§;q| + 10.

The cutoff result which appears in the theorem is a good example of the ex-
tremal expansion quality of Ramanujan graphs: we show in Section 4.3 that
this property holds both for Ramanujan bigraphs, and for adj-Ramanujan
bigraphs which satisfy the Sarnak-Xue density hypothesis. Other combi-
natorial expansion results are obtained in Sections 4.1 and 4.2: a pseudo-
randomness result which we call "Clash counting", which can be viewed a
bigraph substitute for the Expander Mixing Lemma for regular graphs, and
a sparsification result which relates Ramanujan bigraphs to finite projective
geometries. Another classical perspective on Ramanujan graphs is given by
the Riemann Hypothesis for the Thara zeta functions, which counts prime
cycles in the graph: this is explored in Section 4.4.

In addition to bigraphs, the lattices constructed in this paper also give new
examples of Golden Gates (optimal topological generators) for the compact
group PU (3), and explicit constructions of Ramanujan complexes of type As.
These applications were the focus of the paper |[EP22|, and we comment on
them briefly in Sections 8.3 and 8.4. A new feature we encounter here is the
failure of the Ramanujan conjecture for the Eisenstein lattices, from which
we obtain the first explicit examples of non-Ramanujan (Cayley) complexes
of type AVQ, namely, the Cayley complexes Xgo’q when p =1 (mod 3). Several
examples are shown in Figure 1.4, with the “endoscopic” (non-Ramanujan)
spectrum marked in red. Sections 8.5 and 8.6 explore two other applications
of our work, to optimal strong approximation and to the Betti numbers of
certain Picard surfaces.
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5,2
Xg
-20 -10 10 20
Pis
-0 O~
a4 —3 4
WK =i11%?
30 Xi“m
20 ”
~100 -50 50 100

FIGURE 1.1. The non-backtracking spectrum of some of the
(p*+1, p+1)-regular bigraphs X%, These are Cayley bigraphs
of PSL3(q) for ¢ = 1(3), and of PSUs(q) for ¢ = 2(3).
They are adj-Ramanujan, but not Ramanujan: the eigenval-
ues +ivK = +ip3/? are neither trivial nor in the spectrum
of the covering tree Tps q pi1.

It should be noted that all of the Ramanujan bigraphs which we construct
in this paper are (p® + 1,p + 1)-regular for some prime p. A natural, and
likely challenging question is:

Question. For which values of K,k do there exist infinite families of Ra-
manujan (K+1,k+1)-bigraphs?

This question is open for every pair which is not of the form K = k3
with & being a prime-power>. It is also open for the weaker notion of adj-
Ramanujan! Only for weakly-Ramanujan we know that such families exist
for all K, k, by the pioneering work of [MSS15].

1.3. Number theory. Let us briefly describe the number theory which lies
behind our construction, and the main challenges which arise in trying to
generalize LPS to the biregular case. The LPS graphs are finite Cayley
graphs obtained as quotients of the (p+1)-regular Bruhat-Tits tree associated
with SL2(Qy), by congruence subgroups of a special arithmetic lattice, which
acts simply-transitively on the tree. Several p-adic algebraic groups have
biregular Bruhat-Tits trees (see [Tit79, Car0l] for a complete list), and we

3In this paper we restrict to prime k. We work with imaginary quadratic extensions of
@, and by replacing these with more general CM-fields one can make p a prime-power, at
the cost of losing the explicit Cayley bigraph description.
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3,5
Xff
-O T O-
5
5,3
XJ/Z
-0 T O~
=20 10 20
7,3
XW
-O T T T O~
—40 20 40
X;l 3
-100 50 100

FIGURE 1.2. The non-backtracking spectrum of some Ra-
manujan bigraphs X2¢ and X" These are (PP +1,p+1)-
regular Cayley bigraphs of either PSL3(q) or PSUs(q), ac-
cording to ¢ (see Section 8.2 for details).

focus on the case of U3(Q,), whose tree is (p3+1, p+1)-biregular. By [Tit66],
all co-compact arithmetic lattices in Us come from either:

(I) Classical matrix unitary groups (isometry groups of three-dimensional
Hermitian spaces).

(IT) Unitary groups of division algebras with an involution of the second
kind.

The graphs we study are the quotients of the tree by congruence subgroups
of such lattices. In order for them to be Ramanujan, the infinite-dimensional
automorphic representations associated with these subgroups should have
tempered local factors. This holds for arithmetic lattices in SL2(Q,) by
the work of Deligne (the Ramanujan-Petersson conjecture) and the Jacquet-
Langlands correspondence, but in Us the story becomes more complicated.
By the works of Harris-Taylor [HT01, Thm. C] and Rogawski [Rog90, Thm.
14.6.3] (see also [Clo02, Prop. 1.4]), this is true for lattices of type (II); this
is used in [BC11,BFGT15] to present Ramanujan bigraphs as quotients of
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trees by congruence subgroups of lattices of type (II). This however does not
give an explicit description in the spirit of LPS. The explicit Cayley graph
description in LPS, and Cayley bigraph description in this paper, require
that the lattice we begin with act simply-transitively on the Bruhat-Tits
tree?, which is not the case in [BC11,BFG*15].

In order to give an explicit description of Ramanujan bigraphs, in Section
5 we construct several lattices of type (I) which act simply-transitively on
the tree of U3(Qp). But switching to type (I) has its cost — the Ramanu-
jan property does not necessarily hold anymore! This is the failure of the
Naive Ramanujan Congecture, first observed in [HP79| (see also the surveys
[Sar05, Li20]). Its refined version, called the Generalized Ramanujan Con-
jecture only asserts that generic cuspidal automorphic representations have
tempered local factors. This was proved for cohomological representations
of U(1,n) by Shin [Shill|. Combining this with Rogawski’s work [Rog90| we
deduce the GRC for definite U(3), but we are left with the considerable task
of understanding the non-generic representations which may (and sometimes
do) arise for our lattices.

To relate the Ramanujan conjecture to Ramanujan bigraphs, we study
in Section 6 the representation theory of Uz(Q)), and give representation-
theoretic conditions for a quotient of its Bruhat-Tits tree to be Ramanujan
and adj-Ramanujan. In Section 7 we specialize to quotients by congruence
subgroups of arithmetic lattices, and examine the possible failure of the
Ramanujan property for the automorphic representations associated with
them. The implications of our results to bigraphs are the following:

(1) Congruence subgroups of type (I) lattices (and thus all congruence lat-
tices) give adj-Ramanujan bigraphs.

(2) Some of the lattices constructed in Section 5 give (fully) Ramanujan
bigraphs.

(3) The principal congruence subgroups of the Eisenstein lattice A% (see
Section 5) give non-Ramanujan bigraphs.

(4) The principal congruence subgroups of type (I) lattices give bigraphs
which satisfy the Sarnak-Xue density hypothesis.

For the proof of (1) we need Rogawski’s work [Rog90]| on Us (both the clas-
sification of the automorphic spectrum, and various instances of Langlands
functoriality), as well as the resolution of the Ramanujan-Petersson con-
jecture for cohomological self-dual representations of GL,, by Shin [Shill],
which itself uses the Fundamental Lemma [Ngol0], and previous works
by Harris-Taylor, Clozel, Kottwitz and ultimately Deligne (see the survey
[Shi20]). For (2), we establish several criteria under which one obtains Ra-
manujan graphs, and not only adj-Ramanujan, and we show that some of
the lattices from Section 5 satisfy one of them. For (3), we construct explicit

4By transitivity on a biregular tree we always mean transitivity on one side of the tree.
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automorphic representations of Us x U; whose endoscopic lifts to Us appear
in every principal congruence quotient of the lattice Aga; for this we need to
compute e-factors of Hecke characters, verify depth preservation of the theta
correspondence, and non-vanishing of p-adic periods by orbital integrals over
Us. Finally, for (4) we adjust to the definite case the analysis of endoscopic
character relations carried out by Marshall for indefinite unitary groups in
[Mar14].

Section 8 ties everything together to construct explicit Ramanujan bi-
graphs, and some other applications. The results of Sections 6 and 7 are
used to show that the congruence subgroups of the lattices constructed in
Section 5 give rise to bigraphs which are adj-Ramanujan and satisfy the
Sarnak-Xue density hypothesis, and that some of them are (fully) Ramanu-
jan while others are not. The results of Sections 2 and 5 are used, on the
other hand, to give an explicit Cayley or Schreier description of the quotients
of the biregular tree by these subgroups. Finally, the results of Sections 3
and 4 are used to study the combinatorial properties of these graphs. The
structure of the paper, with the internal dependencies between sections is
depicted in Figure 1.3.

2. Cayley
bigraphs

4 Combinatorics ]\;
8. Ramanujan
6. p-adic bigraphs and
representations applications
analysis
5.1. Unitary lattices
7. Automorphic

FIGURE 1.3. A schematic view of section dependency. While
Section 8 makes use of all previous ones, it can also be read
beforehand, relying on the previous results as black boxes.

1. Introduction

1.4. Summary of results. In this section we give a quick summary of all
the main results of the paper. Throughout the paper X = (L U R, E') denotes
a connected, undirected, (K + 1,k + 1)-biregular bipartite graph (namely,
deg|rp = K + 1 and deg|g = k+ 1), with K > k. Here L and R denote
the left and right vertices, respectively, and E denotes the directed edges in
X (each edge appears with both directions). We denote |L| = n, so that
|R| = £ty and |E| = 2n(K + 1). We now briefly describe the main results

k+1
of each section of the paper.
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62 Cayley Bigraphs. Let G be a group, and S, ..., SE+1 C G be disjoint
subsets of size k, such that S = | ], S* is symmetric ({s™* ‘ se S} =09),
1 ¢S, and if s,t € S* with s # t then s~! and s~!t belong to the same S7.

Definition (2.4). The Cayley bigraph CayB (G,{S'}) is a (K+1,k+1)-
bigraph defined by L = G, R = Gx{1,...K+1}/~ where

either  (g,4) = (h, J),

or g 'heS and h~lge S,

and E = {{g,[9,i]} |9 € G,i € {1,..., K +1}}, where [g,1] is the equiva-
lence class of (g,i) € R.

(g,0) ~ (h,j)

When G acts on a set X, one can similarly define a Schreier bigraph
SchB (X,{5"}) (see Section 2 for the details). These constructions allow us
to describe efficiently quotients of groups which act simply-transitively on
one side of a biregular tree:

Theorem (2.9). Let A be a group which acts simply-transitively on the left
side of T = Ty k1, and vg € L. If vi,...,vg41 are the neighbors of vo
and S* = {1 # g € A| gvo ~ v}, then T = CayB (A, {S'}). Furthermore, if
G = N\A for some N < A, then the quotient graph X = N\T is isometric
to CayB (G,{S"}) (where S* denotes the image of S* in G). If N < A is
not normal, X is isomorphic to the Schreier bigraph SchB (N\A, {S’})

Example 1.1 above is obtained from the lattice A%, defined in (1.10), with
p = 2. This lattice acts simply-transitively on the left side of 7y 3, and Xza’q
is the quotient of the tree Tg3 by N = A% (q) = {g €A ‘ g =1 (mod q)}
The Ramanujan bigraph described in Example 1.1 is the Schreier bigraph
of PSL;3(F,) acting on P?(F,), with respect to the same generators (the

corresponding N is A% [q] := {g € A2 ‘ g= (8 * I) (mod q)})

83 Spectral Analysis. Let A = Ax be the adjacency operator of X, which
acts on functions on V.= LU R by Af(v) = >, ., f(u). The spectrum of
A is symmetric around zero, and it is easy to see that ker A = ker (A|r) ®
ker (A|). Since A maps L?*(R) to L?*(L) and |R| > |L|, A|g must have a
nontrivial kernel, but there is no reason for A|;, to have one. We call

£ =¢Ex Y dimker (A7)
the excessiveness of X, and denote by

Pfx =M >X2>2A32>...2 s

the positive eigenvalues of A. We parametrize both the adjacency and non-
backtracking spectrum by the following union of three line segments in :

Ok = —ilogka:,O] U0, 7] U [w,wqtilog\/K/k} .
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With every A € [0, pf] we associate

N K-k
2V Kk

and observe that A\ € [\/? +Vk, VK — \/ﬂ if and only if ¥ € [0, 7], so that

¥ = 19, = arccos < > € Ok k,

X is adj-Ramanujan & Ungs---3Un,_, €[0,71] =OkrNR.

Let B = By be the non-backtracking operator acting on L?(E) by (1.2).
For A € [0, pf], we denote

,uf =\ eFIVKE.

Given an adjacency eigenfunction Af = Af, we construct in (3.7) functions
F* F* ¢ L?(FE) which satisfy BF* = y*F* and BF* = —y*F* (Propo-
sition 3.6).

As the operator B is not normal, these eigenfunctions are not orthogonal,
which makes spectral analysis difficult. The main result of this section is
an orthonormal basis for L2(E), in which B decomposes as a block-diagonal
matrix with blocks of size at most 4 x 4, and where each nontrivial block is
itself block-anti-diagonal. This will be used in the combinatorial applications
in Section 4.

Theorem (3.1). Let pf = A1 > Ao > ... > N\_g, be the positive eigenvalues
of Ax. Denoting ,ul?t = ,ui, the operator Bx is unitarily equivalent to a
block-diagonal matrix composed of:

(1) The block (, ).
(2) (a) For each 2 < j <n — Ex with ¥y, € [0,7], the block

0 0 wuiyE k-1

0 0 0 —u; /¥

(1.7) K
pt Y& K1 0 0
0 —uj i/ 0 0
(b) For each 2 < j < n — Ex with Jx; ¢ [0,7], a block of the form
0 0 ufaj
0 0 0 u,pB;
ey 8 0 " " |, where aj, B € Rsg and ~;,0; € are all
0 ui/B; 0 0

bounded by K.
(3) Ex times the block (7).

(4) %n-ﬁ-é’x times the block (,™*).

(5) x (X) times the diagonal block (* _,), where x (X) = B _ Vi+1=

2
Kk—1
it 1
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In particular, this shows that
(1.8)

EVER} U {ug, i} U {ivE 1 Ex
+VEKFE, ii\/f} U {iugt, " iﬂffgx} U {ﬂ\/%,il} Ex

which was already shown in [Kem16, BDH21] by a detailed analysis of the
Thara-Bass-Hashimoto formula. The spectrum of B on the tree is

Spec(BTyp p) = {z € ‘ |z] = \“/ﬂ} U {ii\/%,il} ,

and upon verifying that A\ € [VK + Vk, VK — V& < |uf| = VKk, we
obtain the following Ramanujan criteria:
(1.9)

X is X satisfies the X is adj-Ramanujan

Spec Bx =

= -
NB-Ramanujan Riemann Hypothesis and Ex = 0.

84 Combinatorics. In this section we explore some combinatorial properties
of Ramanujan bigraphs. The importance of the strong definition of Ramanu-
jan becomes clear here, as for most of the proofs the adj-Ramanujan property
does not suffice.

Our first result is in the spirit of the Expander Mixing Lemma: this classic
theorem states that a graph with concentrated adjacency spectrum behaves
pseudorandomly, in the sense that the number of edges between any two
sets of vertices S, T is roughly the expected number, in a random graph of
the same edge density. For Ramanujan bigraphs with K > k, the Expander
Mixing Lemma is not very useful, since it only uses the fact that the spectrum
is contained in the rather large interval [-vK — vk, VK + V] (comparing
to pf = /(K 4+ 1)(k + 1)), and not the concentration in the two small strips
i[\/f —\/E, VK + \/E] Looking for a pseudorandomness result which makes
use of this, we think of the graph as mapping every vertex of L to K + 1
elements of R, and study the number of clashes arising from two subsets
S, T C L, namely, pairs of edges which leave S and T respectively, and have
the same endpoint. Denoting by |C1 (S, T")| the number of clashes, we present
a “Clash Counting Lemma’

Theorem (4.3 for Ramanujan bigraphs). If X is Ramanugjan, then for
S, TCL

CL(S,T)| = (KEELIS| T + (k= 1)|S 0 7))

<2VER\IS| (1 - ) iy (1 - 120y,

n

We stress that we need here Ramanujan and not only adj-Ramanujan,
even though we study the combinatorics of the adjacency mapping. We sug-
gest a notion of biexpander, which is a quantitative version of being (fully)
Ramanujan: X is an e-biexpander if its nontrivial spectrum is contained in

>0,
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i[\/f —e, VK + ¢], and in addition Ex = 0. The Clash Counting Lemma
(Theorem 4.3) applies to biexpanders in general, and it is shown in [Mor24]
that the converse holds as well: a bigraph with a pseudorandom clash count-
ing is a biexpander (see Theorem 4.5 for the quantitative details).

A related topic explored in Section 4.2 is that of sparsification. Regular
expanders are sparsifiers of the complete regular graph, but it turns out that
biexpanders (and in particular Ramanujan bigraphs) are not good sparsifiers
of the complete biregular graph, since the excessiveness £ of the latter is
in fact maximal. In proposition 4.7 we show that what biexpanders do
sparsify is incidence graphs in finite projective geometries, which are shown
in Proposition 4.6 to form a family of zero-biexpanders.

Next we study the total-variation mixing time of the simple random walk
on vertices (SRW), and the non-backtracking random walk on directed edges
(NBRW). Both SRW and NBRW are 2-periodic, so we restrict our attention

to the behavior at even times. We denote by N = n(K+1) = ‘2£| the number
of edges going from L to R.

Theorem (Thm. 4.11, Cor. 4.12). A family of (K+1, k+1)-regular Ramanu-
jan bigraphs exhibits:

(1) Cutoff for SRW at time %log\/ﬁg n, with a window of size

0] (\/log n)
(2) Cutoff for NBRW at time log /e N with window size bounded by

3log /7 log V.

These results are analogous to the ones in [LP16] for regular graphs. Note
that log \/ITk:N is optimal for the NBRW, since two consecutive steps take
an edge to at most Kk edges. We point out again that even for the analysis
of SRW we require Ramanujan, and not only adj-Ramanujan; in [LP16] this
issue does not arise, as for regular graphs the two notions coincide. Our next
result is a bigraph analogue of the main result of [NS23|, which shows that
regular Ramanujan graphs with logarithmic girth exhibit NBRW cutoff with
a bounded window size. We make use of the strategy of [NS23|, which is
bootstrapping expansion from the time before the girth "kicks in", but our
methods are different, and have the advantage of analyzing NBRW on edges
and not only on vertices.

Theorem (4.14). If .F is a family of (K +1, k+1)-regular Ramanujan bi-
graphs, and for somem > 2 every X € .F satisfies girth X > % log /e IV,
then F exhibits bounded NBRW cutoff. In fact, if t. denotes the total-
variation e-mizing time of NBRW then all large enough X € F satisfy

log 7 N — log. (1) < 1 < te < log e N -+ 2log e (72
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In Section 8 we will show that our explicit Ramanujan Cayley bigraphs
Xf:? indeed have logarithmic girth. This is enough to prove bounded cut-

off for the graphs X" X%? and possibly XZ?, but not for the Eisenstein
graphs X217 which are only adj-Ramanujan. To prove that X g;q too exhibits
bounded cutoff, as claimed in Theorem 8.3(6) above, we establish cutoff re-
sults for adj-Ramanujan bigraphs which satisfy a Sarnak-Xue type density
hypothesis:

Theorem (4.15). If .7 is a family of left-transitive adj-Ramanujan (K+1, k+
1)-bigraphs, which satisfy the density hypothesis Ex < N° with § = #}AK)’
then % exhibits NBRW-cutoff at time log /e N, with window size bounded

by

(1) (%) log, /7 log N in general, and
(2) %105\/[(78% if all X € F satisfy githX > —25log e N and e <

The theorem assumes that each X is left-transitive, namely that Aut (X)
acts transitively on its left side. This is always the case for Cayley bigraphs,
and in particular for X2, Since log, K = 3 for X2, we need a density

of &x < N )1(/ % for the non-Ramanujan eigenvalues. In Section 7 we show
that principal congruence lattices in Us give rise to bigraphs which satisfy
gX <<5 N?(/BJFE.

We end the section with a short exposition of zeta functions of graphs
and their relation to prime cycle counting, obtaining a version of the Prime

Number Theorem for Ramanujan and adj-Ramanujan bigraphs (recall from
(1.9) that an adj-Ramanujan bigraph is Ramanujan iff £x = 0):

Theorem (4.16). If w(m) is the number of prime cycles of length m in an
adj-Ramanujan (K+1,k+1)-bigraph X with N edges, then

~(ER)™ L (K"
2m

m(2m) Ex < 2N(Kk)™2.

85 Simply-transitive Lattices in Unitary Groups. In this section we introduce
the unitary group Us, which plays a central role in our explicit construction
of Ramanujan bigraphs. Subsection 5.1 defines this group in the language
of algebraic group schemes, and describes the Bruhat-Tits tree on which the
p-adic group Us(Qp) acts. The rest of the section is devoted to constructing
several arithmetic lattices which act simply-transitively on the hyperspecial
vertices of this tree, except for a finite number of “ramified” primes p (these
are the places at which the associated arithmetic group is ramified, or where
a congruence condition is imposed to give a simply transitive action). We list
these lattices here, while the full and precise statement is given in Theorem
5.2 using the notion of a strong unitary root datum defined in Section 5.2.
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Theorem (5.2). The following p-arithmetic lattices act simply-transitively
on the hyperspecial vertices of the Bruhat-Tits building of the corresponding
p-adic group PU3(E, ®)(Qy):

(&) Eisenstein: p # 3,
(1.10) A2 = {A € PU3(Q[v=3),1) (Z H) (A = (1 i 1) (mod 3)}.

This lattice is new, and unlike the three that follow, gives rise both
to Ramanujan and non-Ramanujan bigraphs.

(¢9) Gauss: p # 2,
., 1 % % .
A = {a e Pus(@li], D) (2 [5]) [a= (213) (mod 2+ 20)}.
This lattice was constructed in [EP22].
() Mumford: p #2,7, d = (3 gg) where A = =31

(1.11) AP, = {A € PU3(Q[vV—7), ®) (Z [%D A= (8 : ) (mod )\)}.

This lattice is a variation of Mumford’s lattice [Mum79|; we take
a congruence condition different from Mumford’s — our condition is
chosen in order to exclude endoscopic lifts, thus obtaining Ramanugjan
bigraphs.

10 —2(n+2) n+2
(cg) CMSZ: p # 3,5, & = (—2(77+2) 10 —2(n+2)>, where n = 1—\/2—15'
7+2  —2(74+2) 10
Here AV, is a sublattice of PU3(Q[v/—15],®) (Z[1/p]]) defined by a
rather complicated congruence condition — see Theorem 5.2. This
lattice is also a wvariation on a lattice constructed by Cartwright-
Mantero-Steger-Zappa in [CMSZ93b| (see also [KOO06|), using a dif-

ferent congruence condition.

For primes p which are inert in the quadratic imaginary field, the Bruhat-
Tits building is a (p3 +1,p+ 1)—biregular tree, and each of the above lattices
acts simply-transitively on the left (hyperspecial) vertices in the tree. For p
which are split, we have PU3 (Q,) = PGL3 (Q)), and the lattice acts simply-
transitively on all the vertices of the two-dimensional building of PGL3 (Q,).
This gives new examples of arithmetic gg—groups in characteristic zero, for
infinitely many p. This expands on the work of Cartwright-Mantero-Steger-
Zappa [CMSZ93b|, which classifies arithmetic As-groups in PGLs (Qp) for
p = 2 and 3 (by Margulis arithmeticity, any Kg—group in PGL3(Qy) is
arithmetic, but giving an explicit arithmetic presentation is non trivial).
The Eisenstein and Gauss lattices do not appear in [CMSZ93b], since 2 and
3 are ramified or inert for them.

Our methods and proofs are different from those in [CMSZ93b|. Any
group acting simply-transitively on a contractible simplicial complex has a
nice presentation coming from the complex [Bro84], and [CMSZ93b]| look for
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matrix subgroups of PGL3 (Q),) having a presentation coming from the As-
building. In contrast, in Section 5.4 we use the Mass formula of [GHYO01],
which is an explicit form of Prasad’s volume formula (which is in itself an
extension of Siegel’s formula), to show that the groups in cases (&), (¢),
(M), (€¢) above are of class number one with respect to natural choices of
adelic open compact subgroups K, i.e.

G(A)=G(Q)- K.

This implies that the principal S-arithmetic lattices I‘f*) in the corresponding
unitary groups act transitively on the hyperspecial vertices of the building.
To apply the Mass formula, we need a close examination of the parahoric
subgroups, which we do in Section 5.3.

In Section 5.5 we show that the congruence conditions on the lattices Af*)
given in Theorem 5.2 remove the non-trivial stabilizers of hyperspecial ver-
tices, without losing the transitivity property. For our Mumford (.#) and
CMSZ (¢) lattices, we manage to find congruence conditions which addi-
tionally ensure that no non-Ramanujan eigenvalues appear in the quotient
of the building/tree by congruence subgroups of the lattice (see Section 7).

The various statements of strong approximation used in this paper are
summarized in Section 5.6. There, we also give the proof of Example 1.1
and include a characterization of hyperspecial maximal compact subgroups.

86 Local Representation Theory. This section serves as a bridge between the
spectral theory of bigraphs and the representation theory of p-adic unitary
groups.

We begin by classifying the Iwahori-spherical (I.S.) irreducible represen-
tations W of G = U3(E,®) (where E is an inert quadratic extension of
a local field of residue order ¢), in terms of their Satake parameters. The
number z €* is called a Satake parameter for W if W embeds in the nor-
malized parabolic induction of a certain character y, of a Borel subgroup
of G. One can assume without loss of generality that ® = ( 1'), in which

case the upper-triangular matrices form a Borel subgroup, and x, is defined
Qo x ordg o : :
by x. (( * I)) = 2" Every L.S. representation has either one or two

Satake parameters, and we obtain:

Proposition (6.2). The Satake parametrization identifies the 1.S. dual of G
with the non-Hausdorff space

\{_qi1707qi2}
z~1/z

U {_qil’qﬂ:Q} ’

and the unitary ones are those with Satake parameter in S' U [fq, 71} U

q
EXd
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We denote by Sat (W) the Satake parameters of W, and say that W is
of A-type if Sat (W) = —q. If A is a cocompact lattice in G which acts
on its Bruhat-Tits tree B without fixed points, then X = X, = A\B is
a finite (¢® + 1, ¢ + 1)-bigraph, whose spectrum is intimately linked to the
representation L? (A\G) of G. This connection is described in detail in Table
6.2, and we obtain the following:

Proposition (6.3, 6.4). If L? (A\G) = @, W; & @ZU@' is the decomposition
of L* (A\\G) as a G-rep., where W; are the I.S. components and the U; are
the rest, then

Spec (Bx) = Uz {:l:q\/; ‘ z € Sat (Wz)} )
Spec (Ax) = {0}#{1'\ —gF eSat(Wi)} H_JZ {:I:\/q3 + (Zi + %)qQ + q}

where the \§ union is over all i such that ¢=2, —q™" ¢ Sat (W;), and z; is

any choice of parameter in Sat(W;). Furthermore, Ex equals the number of
W of A-type.

Denoting by K the maximal compact subgroup Us(Opg, ®) of G, we ob-
tain some representation theoretic criteria for Ramanujanness, which will be
useful in the final Sections:

Theorem (6.5). Let A < G be a cocompact lattice, and X = Xp = A\B.

(1) X is adj-Ramanujan if and only if every K-spherical irreducible repre-
sentation W < L? (A\G) is one-dimensional, tempered or of A-type.
(2) The following are equivalent:
(a) X is Ramanujan.
(b) X is NB-Ramanujan.
(¢c) X satisfies the Riemann Hypothesis.
(d) Every K-spherical irreducible representation W < L? (A\G) is one-
dimensional or tempered.

In Section 6.3 we specialize to the case that A is a congruence arithmetic
lattice. In this case, the graph X = A\B can also be identified with a
locally symmetric adelic space G(Q)\G(A)/K' for an appropriate compact
open subgroup K’ < G(A). The spectral analysis can then be carried out
in terms of automorphic representations, whose local factors at p are the
representations of G(Q,) encountered earlier. Theorem 6.9 gives global Ra-
manujan criteria in these settings, which will be used in Sections 7 and 8.

87 Automorphic Representation Theory. In Section 7 we study the automor-

phic representations of a definite inner form G of Us and their invariant
vectors under certain compact subgroups K’ = [[, K, < G(A). By Sec-
tion 6, this will lead to results about the existence of both Ramanujan and
non-Ramanujan bigraphs.
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An automorphic representation 7 of G is said to be Ramanujan if 7, is
tempered for all p, and it is said to be of A-type if it belongs to a global
A-packet (see Definition 7.12). Let Ag(K') denote the set of automorphic
representations of G of level K'. We say that Ag(K') is Ramanujan (resp.
A-Ramanugan) if for any © € Ag(K'), either 7 is one-dimensional or 7 is
Ramanujan (resp. or 7 is of A-type).

We now outline the main results of this section and then summarize the
methods we use to prove them. First we prove the following statement.

Theorem (7.2). Ag(K') is A-Ramanujan for any K'.

Next we show that Ag(K') is Ramanujan for K’ satisfying one of the
following two conditions. This result strengthens the Ramanujan-type The-
orems of [EP22, Thm. 1.4 and 1.5|, in two manners: the assumptions
are relaxed, and the result is stronger, as it guarantees temperedness also
at the ramified local factors, thus confirming a conjecture suggested in
[EP22, Rmk. 5.8].

Theorem (7.3). Ag(K') is Ramanugjan if at least one of the following holds:

(1) there exists a prime p which ramifies in E, such that K;) contains an
Twahori subgroup, or

(2) there exists a compact open K" such that K' < K", A(K") is Ramanu-
jan, and for any prime p for which K, # K, K, contains an Iwahori
subgroup.

Specializing to the Eisenstein case (&), we prove the following result.

Theorem (7.4). Let G = U3(Q[v—3],I), K,, contains an Iwahori subgroup
for every prime p # 3, and

1 % %
K} = K3(C) := {g €G(Zs) : g= (I 1 f) mod 3}.
Then Ag(K') is Ramanujan.

Our final positive Ramanujan-type result is conditional on Conjecture 7.8,
which stipulates that for an inert or ramified prime p and compact subgroup
KI’D, if the non-tempered representation in the A-packet does not have Kzlf
invariant vectors, then neither does the supercuspidal representation from
the same A-packet. For full details see Section 7. In Proposition 7.45 we
prove the conjecture holds for inert primes p > 10 and principal congruence
subgroups as well as Iwahori congruence subgroups.

Theorem (7.9). Let G = Us(Q[v/=3],I) and K' < G(A), where K} =
K3(C), K, = {g € K, : det(9)® = 1 (mod q)} for some prime ¢ = 1
(mod 12), and K, = G(Zy) for any p # 3,q. Assume Conjecture 7.8 holds
for G, Kj and p = 3. Then Aq(K') is Ramanugjan.
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In the other direction we show the existence of non-Ramanujan represen-
tations in the Eisenstein case (&). This, joined with Theorem 7.2, gives
the first known construction of an infinite family of adj-Ramanujan bigraphs
which are non-Ramanujan.

Theorem (7.6). Let G = Us(Q[v/—3],I). Then Ag(K') is non-Ramanujan
if either

(1) K, = G(Zyp) for any p # 3 and Kz = I3(3) (see §7 for the definition),
or

(2) K, ={9 € G(Zy) : g=1 mod q} for some prime ¢ > 5, K3 = K3(C)
and K}, = G(Zy) for any p # 3,q.

Finally, we prove the Sarnak-Xue Density Hypothesis (SXDH) for definite
unitary 3 x 3 groups G = Us(E, ®). Let S be a finite set of places of Q which
contains {00, 2,3,5, 7} and the primes in which G ramifies. Fix K; < G(Z) a
finite index subgroup for any ¢ € S, where K, = G(R). For any integer N =
IL; p;, such that p; & S, denote K,,(p;*) = {g € K}, : g =1 mod p;'},
and define K'(N) = [[,c5 K [ 1, 2ogs Ko [1; Kpi (p;") < G(A). Let A1 be
the set of m € Ag with trivial central character, Aél be the set of 7 € Ag 1
which are A-type, V(N) := @ﬂeAGJ oK' (N) and V4 (N) == @ﬂeAéJ iK' (V).

The SXDH for G reads as follows.

Conjecture 1.2 (SXDH). For any € > 0 there exists Ce > 0, such that for
any N coprime to S,

dim V4(N) < C. - dim V(N)2 *=,

Adjusting Marshall’s endoscopic arguments [Marl4] from the cohomolog-
ical to the definite settings, we get the following stronger result:

Theorem (7.11). For any € > 0 there exists C. > 0, such that for any N
coprime to S,

dim V4 (N) < C. - dim V()& <.

In Section 7.2 we begin our proof of these theorems by outlining how we
can use Rogawski’s work on Us to transfer the automorphic representations
we wish to study to automorphic representations on the quasi-split form of
Us. Rogawski’s classification of the automorphic representations on the lat-
ter group, along with results towards the Generalized Ramanujan-Petersson
Conjecture (GRPC) by [Shill] imply that if 7 is non-tempered at p then it
must be from an “A-packet” (for the full definition of Rogawski’s local and
global A-packets see Definition 7.12). To prove representations of a certain
level are Ramanujan we show they cannot be in any A-packets and to prove
other representations are non-Ramanujan we show the existence of particu-
lar non-tempered Kz’)—invariant representations. From the work of Rogawski
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we know these representations occur in the A-packets associated to certain
Hecke characters.

In Section 7.3 we begin a more detailed analysis of the representations
occurring in A-packets by computing their multiplicity in particular cases (a
priori we know it is either zero or one). We use a multiplicity formula of
Rogawski for representations that belong to A-packets (see Theorem 7.13)
that is dependent on the epsilon factor of the character associated to the
A-packet. We build an explicit family of Hecke characters and compute
their epsilon-factors via class field theory, p-adic integrals and formulas from
[Tat79], [Rog92] and [Kud04]. We also keep track of the conductor of these
characters for computing the level of the representation in the corresponding
A-packet in the next subsection.

In Section 7.4 we compute the levels of given automorphic representations
that belong to A-packets via their local factors. For non-tempered repre-
sentations, 7", we describe an explicit relationship between the level of the
character that induces the representation that 7™ is a component of and the
level of ™. We also prove 7" has a non-vanishing K’-invariant vector if
an explicit p-adic period integral is non-vanishing. We then evaluate this
integral for various K’ to analyze the level of 7™ in terms of the level of
the associated character. Finally, we use depth preservation of the theta
correspondence (both using known results by [Pan01|, [Pan02| and [GR91],
as well as extending these results) to study the level of the supercuspidal
representations that are in A-packets.

In Section 7.5 we combine the results of Sections 7.2, 7.3 and 7.4 to prove
the main (global) theorems of this section. We also prove two new local
results — first that at 3 two particular supercuspidal representations do not
have any non-zero K3(C)-invariant vectors (Prop 7.44), and second, some
special cases of Conjecture 7.8 (Prop 7.45). The first result is proved by
embedding the supercuspidal representation in a global representation and
using our global results. The first case of the conjecture is proved by combin-
ing Rogawski’s trace formula and Ferrari’s generalization of the fundamental
lemma [Fer(07], as used in [Mar14] and [GG19], with our analysis of the rela-
tionship between the level of a character and the level of the non-tempered
representation that the character induces. The other case of the conjecture
is proved using the theta correspondence.

In Section 7.6 we modify Marshall’s argument in [Marl4| to the definite
case to prove the Sarnak-Xue Density Hypothesis for Us associated to a
definite form.

88 Ramanugjan Bigraphs and Applications. This section combines the results

of all previous ones to give explicit constructions of Ramanujan bigraphs,
and several other applications. The main theorem was already stated in
Section 1 for the case of the Eisenstein lattice, so we skip it here. Section
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8.2 proves an analogue theorem for the Mumford and CMSZ lattices. The
main difference is that here our choice of congruence conditions yields the
full Ramanujan property for the Cayley bigraphs and not only the Schreier
ones. The Gauss lattice gives Ramanujan Cayley bigraphs under Conjecture
7.8, and some examples of these are presented in Figure 1.2.

In Section 8.3 we explore another application of our work — new construc-
tions of Ramanujan complexes as Cayley complexes of finite groups. When
p splits in E, we have PU3(Q,) = PGL3(Qp), whose Bruhat-Tits building
B), is two-dimensional. Ramanujan complexes, defined in [Li04, LSV05], are
quotients of such buildings whose spectral theory mimic that of the build-
ing, which is their universal cover. This application was the focus of |[EP22],
but here we obtain a new phenomenon: the endoscopic lifts afforded by the
Eisenstein lattice give us the first explicit examples of finite non-Ramanujan
gg—complexes.

The vertices of the Bruhat-Tits building of PG L;(Q)) are colored by %/dz,
and the i-th Hecke operator A; acts on them by (A;f)(v) = > f(w) where
the sum is over all neighbors w of v such that col(w) — col(v) = 4. This is
a geometric operator and we denote its non-trivial spectrum by Specy. In
the case of PGL3(Q,), the spectrum of A; already determines whether a
quotient X = A\B, is Ramanujan, which occurs when

Speco(A1]x) C Spec(Ail,) = {p(a + 5+ aB)|a, B €, |a| =8| =1}

(shown in blue in Figure 1.4). Unlike in the bigraph case, PGL3(Q),) admits
a continuum of non-tempered representations which appear as local factors
of endoscopic lifts. The Aj-eigenvalues they give rise to form the closed
curve:

(’Ep:{ong/z—i-%—ka\/f) a €, ]a\zl}.

Together, the Ramanujan spectrum Spec(A1|s,) and the endoscopic spec-
trum €&, form the Automorphic Hamantash depicted in Figure 1.4, along
with the Aj-spectrum of several Cayley complexes Xga’q arising from the
Eisenstein lattice. It is interesting to remark that in positive characteristic,
the entire Hamantash is obtained as the nontrivial A;-spectrum of the quo-
tient of the building of PGL3(F,((t))) by the non-uniform arithmetic lattice
PGL3(Fy[t]) [HK21].
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FIGURE 1.4. The automorphic Hamantash depicts the spec-
trum of the Hecke operator A; on an As-complex; it is com-
posed of the endoscopic crust €, (the red curve), and the Ra-
manujan filling, which is the spectrum of A; on the building
of PGL3(Qp) (the blue shade). The dots show the nontriv-
ial Aj-spectrum of a few ng;’q Cayley complexes, with the
underlying group G, specified.

Our next application (Section 8.4) is a construction of new golden gate and
super golden gate sets for the compact Lie group PU(3). These notions were
introduced in [Sar15,PS18|, in relation to problems in quantum computation.
A finite set ¥ C PU(n) is called a golden gate set if it exhibits an almost
optimal covering rate as well as an efficient approximation and navigation
algorithms (see [EP22, Sec. 2.2| for the precise definition). If the almost
optimal covering rate and the algorithms hold only up to an action of a
finite subgroup D < PU(n), then we say that ¥ is a golden gate set for
PU(n)/D. Finally, a golden gate set whose elements are of finite order is
called a super golden gate set.

Super golden gate sets were constructed in [PS18] for PU(2) and in [EP22]
for PU(3). In both cases the constructions are achieved by finding generating
sets of congruence p-arithmetic subgroups (¥) = A < G(Z[1/p]), where



28 SHAI EVRA, BROOKE FEIGON, KATHRIN MAURISCHAT, ORI PARZANCHEVSKI

G(R) = PU(n), such that A acts simply-transitively on the edges of Bruhat-
Tits trees of G(Qp) and also satisfies the Ramanujan property (see Section
8.4). We construct some new super golden gate sets for PU(3), coming from
our p-arithmetic lattices. Here is one such example:

Theorem (8.7). Let G = PU3(Qlw],I), w = _1%‘/?3, and denote ¥ =
{A 0,7}, where

1 L ovs — (', (1

(1.12) A:=3 <\/0_73(2) _01 , 0= ( w2), T = (1 1) € G(Z[1/2)).
Then (X) is a congruence subgroup which acts simply transitive on the edges
of the Bruhat-Tits tree of G(Q2), and X is a super golden set for PU(3)/D,
where D = G(Z) N1y and Iy < G(Zs) is an Twahori subgroup.

Another application of our results is new instances of the optimal strong
approximation phenomenon (or optimal lifting) for p-arithmetic groups (see
[GK22]). This phenomenon was first proved by Sarnak in [Sarlb| for
the arithmetic group SLy(Z) and its modulo homomorphisms mod g :
SL9(Z) — SL2(Z/qZ), q € N. By the classical strong approximation prop-
erty these homomorphisms are surjective. The optimal strong approxima-
tion property for SL9(Z) is the claim that for any € > 0, if ¢ is large enough
then for all but an e-fraction of the elements g € SLo(Z/qZ), there is a
lift v € SLy(Z), v mod g = g, such that ||y|| < [SL2(Z/qZ)|2", where
| - || is the Euclidean norm |[|g||> = Do gfj This is indeed optimal since by
[Sar15, (11)], the number of elements v € SL2(Z) of norm bounded by T is
O(T?).

Consider the p-arithmetic analogue, where SLs(Z) is replaced by a p-
arithmetic lattice A < PSU3(Qy), where p is an inert prime, endowed with
the modulo homomorphisms mod ¢ : A = Gy, ¢ a prime, where G, =
PSL3(F,;) when ¢ split and G, = PSU3(F,;) when ¢ inert. By the strong
approximation property this map is surjective (see Corollary 5.29). Consider
the level function, ¢ : A — N, ¢(g) = —2min; j ord, g;;. The optimal strong
approximation property for A is the claim that for any ¢ > 0, if ¢ is large
enough then for all but an e-fraction of the elements g € Gy, there is a lift
¥ € A, v mod q = g, of level bounded by £(v) < (1 + ¢)log,2 |G4|. This is
indeed optimal since the number of elements v € A of level bounded by 7 is
o(p™).

Proposition (8.9). Let A = (S,) < PSU3(Qp) be the p-arithmetic group,
where Sy, is as in Theorem 8.3 or 8.4 and p is an inert prime. Then A has
the optimal strong approzimation property.

Our last application is a new vanishing of first cohomology result for cer-
tain Picard modular surfaces associated to an indefinite unitary group of type
(I), which are the real analogues of the arithmetic quotients of Bruhat-Tits
trees constructed in this paper.
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~Y

Let G be an indefinite projective unitary group scheme over Z, i.e. G(R) =
PU(2,1), whose symmetric space is the complex unit ball B <2. Then G(Z)
and all of its finite index subgroups are lattices in G(R). Let A(q) = {g €
G(Z) : g mod g = I}, and call a lattice I' < G(Z) a level g congruence
subgroup if A(q) < T'. Denote its corresponding Picard modular surface
(over ) by X(I') = I'\B and denote its first Betti number (also known as its
irregularity) by by (X(I')) := dim H' (X (T),).

As mentioned before a unitary group scheme is either of type (I), i.e.
G = PU3(E, ®) where E is a quadratic imaginary field and ® an indefinite
Hermitian form, or of type (II), i.e. G = PU(D, o) where D is a division
algebra and o an involution of the second type. Say that I' < G(Z) and
X(I') are of type (I) or (II) if G is.

In [Rog90, Thm.15.3.1|, Rogawski proved that for Picard modular surfaces
of type (II), their first Betti number vanishes. This vanishing of first Betti
number is the archimedean analogue of the Ramanujan property studied
in this paper. Using our analysis of the automorphic spectrum of unitary
matrix groups, we are able to generalize this result of Rogawski to certain
Picard modular surfaces of type (I).

Theorem (8.10). Let G = PU3(E,®) be an indefinite projective unitary
group scheme over Z of type (I), ¢ € N coprime to the discriminant of E
and I' < G(Z) a level q congruence subgroup. Then by (X (I')) = 0.

As mentioned above, the vanishing of first cohomology is the real ana-
logue of the Ramanujan property for the congruence subgroup of p-arithmetic
groups studied in the paper. We end with the following open question: what
is the real analogue of the simple-transitivity property?
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2. CAYLEY BIGRAPHS

In this section we introduce a group-theoretic construction of bigraphs,
which we call Cayley bigraphs. This will allow us to give explicit construc-
tions of infinite families of Ramanujan bigraphs, in a similar fashion to the
regular Ramanujan Cayley graphs in [LPS8§|.
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Let S be a symmetric subset of a group G (i.e. S~! = §). Recall that the
Cayley graph Cay(G,S) is an |S|-regular graph with vertices V' = G and
edges E = {{g,9s}|g € G,s € S}. It is connected if and only if S generates
G, and loop-free if and only if 1 ¢ S. Note that G acts on this graph by left
multiplication, and the action is simply transitive on the vertices.

Definition 2.1. Let 0 < k < K, and let § = {S%,..., S5} where
St ..., 8K+ are pairwise disjoint subsets of a group G, each of size k. Let
S = |_|f:{1 S% and define i: S — N by s € %), The pair (G, S) satisfies the
bi-Cayley azioms if

(1) S is symmetric ({s7![s € S} = 5), and 1 ¢ S.
(2) Whenever s,t € S%, either s = ¢ or s—1¢ € §1s7).

Definition 2.2. If (G, S ) satisfies the bi-Cayley axioms, define the following
relation ~ on G x [K+1] (where [n] = {1,...,n}):

. . either  (g1,71) = (92,72)
2.1 ~ — _ : Y i -
(2.1)  (g1,51) ~ (92, J2) or g lgo € 871 and 95 Lg1 € 972

Denote by [g, j] the equivalence class of (g,7) € G x [K+1], and observe that
9.1 = {(9.0)} U{(gs,i(s™")) | s € §7}.

Lemma 2.3. The relation ~ is an equivalence relation.

Proof. It is clear that ~ is reflexive and symmetric. Suppose (g1,71) ~
(92,72) ~ (g3,73); we can assume that the three are distinct, for otherwise
(91,51) ~ (g3,73) follows. It then follows from (2.1) that s := g5 g1 €
572 and t = g;lgg € S72, so by the bi-Cayley axioms gl_lgg = st e
Sil91'92) = Sit. The same argument shows that gglgl € S73, hence (g1, j1) ~
(93,73)- O

—,

Definition 2.4. For (G, S) which satisfies the bi-Cayley axioms, we define
the Cayley bigraph CayB (G,S) = (LU R, E) to be the (K+1, k+1)-bigraph
with vertices and edges

L=G, R=6xIKH/~  E={{glgi}ge€C, ic[K+1]}.

We note that G acts on the graph by
(2.2) VYge G, he L, [hi]e R: g.h=gh, g.[h,i] = [gh,i],

and the action is simply transitive on the left side. Let us illustrate this
definition with a special example.

Example 2.5. Let G be a group and S = {s1,...,8x+1} € G a set of
involutions, i.e. elements of order two (for example, G = Sym(n) and S =
{(1,2),(2,3),...,(n—1,n)} or all transpositions — see Figure 2.1). Defining
St = {s;} for i € [KK+1], the pair (G, S) satisfies the bi-Cayley axioms, and
the Cayley bigraph CayB (G, S ) coincides with the barycentric subdivision
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of the Cayley graph Cay(G,S). Namely, upon placing a new vertex in the
middle of each edge of Cay(G, S), the old (resp. new) vertices form the left
(resp. right) vertices of the Cayley bigraph CayB (G, S).

[((12),2]=[(123),2]

[(12),1]

[(13),1] [(23),2]

[(13),2] [(23),1]

FI1GURE 2.1. Two Cayley bigraphs arising from involutions in
G = Sym(3), as in Example 2.5. In black and red is the (2, 2)-
bigraph obtained from S = {(12),(23)}, with the left (resp.
right) vertices drawn in red (resp. black); the dashed edges
are those of the “original” Cayley graph Cay(G,S). Adding
the blue edges and vertices gives the (3,2)-bigraph obtained
from S ={(12),(23),(13)}, and now the right side consists
of the black and blue vertices together.

The bigraph analogue of a Schreier graph is slightly more involved. Recall
that for a (right) G-set X the Schreier graph Sch(G, X, S) has vertices V =
X and edges F = {{z,zs} |z € X,s € S}. Even when 1 ¢ S, this graph may
have loops as s # 1 may fix some x € X, and multiple edges arise similarly.
Every G-set is a disjoint union of transitive ones, and every transitive G-set
X is isomorphic to H\G for some H < G (unique up to conjugation). The
graph Sch(G, H\G, S) is the same as the quotient of Cay(G, S) by H, and
this can be used to define Schreier bigraphs. Namely, define the Schreier
bigraph SchB (G, H\G, §) to be the quotient of CayB (G, §) =(LUR,E)
by the group H, acting as in (2.2). The technical issue which arises is that
while H acts freely on the left side L and thus also on FE, its action on
R may have non-trivial stabilizers. In this case the quotient is a weighted
graph (or orbigraph). The weights ensure that the correspondence between
functions on the quotient graph, and H-invariant functions on the covering
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graph, intertwines with geometric operators (e.g. the adjacency operator).
This leads to the following:

Definition 2.6. For (G, S ) satisfying the bi-Cayley axioms and a right G-set
X, the Schreier bigraph SchB(G, X, S) = (LU R, E) is defined by
L=X, R=XxK+lje, E={{o[o}|zeX,ic[K+1]},

where (21, 1) ~ (72,7j2) if either (z1,71) = (z2, j2), or there exists s € S
with x1s = 29 and s~! € S§72. Again ~ is an equivalence relation, with
equivalence classes

[z, 4] = {(z, )} U{(zs,i(s71)) | s € §7}.
The weight of r = [z, j] € R is

] 1+ [Stabg(z) N ST N (S9)7
Ck+1 E+1 ’

Wy

—,

and the adjacency operator of SchB(G, X, S) is given by
A =wr - |G 16, 5] =71}, Ae={jllt.j]=r} VleLreRr

(the term |{j | [¢,j] = r}| counts the possibly multiple edges, and the weight
w, accounts for the stabilizers). Note that A is not symmetric, but it is
self-adjoint with respect to the w,-weighted inner product.

Remark 2.7. In the Cayley case, we could have also labeled the right vertices
by their neighbor-sets in the left side. This would give

(2.3) Rz{{gs|s€5iu{1}}|g€G,iE[K+1]},

and then edges are given by membership, i.e. £ ~ r if and only if £ € r for
¢ € L,r € R (this was used in Example 1.1). In the Schreier case, however,
such a presentation is not always possible since two different right vertices
might have the same set of neighbors.

Remark 2.8. It H < G and the quotient map ¢: G — G/H is injective on
{1} Uy, S*, then by construction

SchB (G, H\G, S) = H\CayB (G, 5) = CayB (H\G, {¢(5)}) .

With some abuse of notation, we shall allow ourselves to refer to this graph
as CayB (H\G,{¢(S")}i) even when ¢ is not injective; the only caveat is
that one must compute the map ¢: S — N from Definition 2.1 for the original
S and not for its image under ¢.

Next, we show that when a group acts on a biregular tree in a nice manner,
the tree can be identified with a Cayley bigraph of the group.

Theorem 2.9. Let A be a group acting on the (K +1,k+1)-biregular tree
T = Tkna ke = (LT URT,ET), so that the action is simply-transitive on
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Ly. Let vg € Ly be a fixred vertex and vy,...,vKg+1 € Ry its neighbors.
Denoting

Vie [K+1]: S ={1+# s € A|dist(svo,v;) = 1},
the Cayley bigraph CayB(A, g) = (LU R, E) is isomorphic to T, via

_Jguw v=gelL
f(v)_{gvi v:[g,i}ER'

Combining this theorem with the observations in Remark 2.8 (for G = A)
yields a useful corollary:

Corollary 2.10. Let (A, S) be as in Theorem 2.9 and let ¢: A — Gy be a
surjective homomorphism. Then the quotient of T by ker Ay is isomorphic to

—,

SchB(A,Gg,S), where A acts on Gy via ¢. Furthermore, when ¢ is injective
on {1} U, S*, this is precisely CayB(Gg, {$(S?)}ET).

The proof of Theorem 2.9 requires the following two Lemmas.

Lemma 2.11. The pair (A, §) in Theorem 2.9 satisfies the bi-Cayley axioms.

Proof. Since vy is the unique common neighbor of v;,v; (i # j), St and S7
are disjoint. We note that S := Ufi‘lﬂ St = {g € A | dist(gvo,vo) = 2}, from
which follows that S~ = S and 1 € S. Let s € S, i = i(s), j = i(s~!) and
s # t € S*. Note that v; is the unique vertex connecting vg and svy and
similarly v; is the unique vertex connecting vy and s lvg. By applying s
we get that sv; is the unique vertex connecting svg and vg, hence sv; = v;.
Then dist(s ™ tvp, v;) = dist(tvg, sv;) = dist(tvg,v;) = 1, ie. s~ e S, O

Lemma 2.12. Let (A, 5) be as in Theorem 2.9. Then for any g1,92 € A
and j1,J2 € [K+1],

g1vj, = g2vj, <= (g1,71) ~ (92, J2)-

Proof. Assume g1vj, = g2vj,. If g1 = go, then v;; = vj, implies j; = j as
well. If g1 # go, then

dist(gl_lggvo,vjl) = dist(g2vo, 105, ) = dist(gav0, g2vj,) = dist(vp, vj,) =1

implies gflgg € 571, Arguing similarly gives gglgl € 572 so that (g1,71) ~
(92,72). Conversely, let (g1,51) ~ (92,72)- If (91,71) = (g2, j2), then g1v; =
g2vj,, and otherwise, gflgg € St and g;lgl € S7%2. Therefore vj, is the
unique vertex connecting vo and g; Lgovy and similarly vj, connects vy and
g;lglvo. Applying gflgg to the latter shows that gflgg% connects gflggvo
and vg, hence gflgg% = vj,, which proves g1vj, = gavj,. O
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Proof of Theorem 2.9. The map f|r is bijective since A acts simply-
transitively on L7, and f|g is well defined and injective by Lemma 2.12.
It is also surjective, since the A-orbits of {v1,...,vx+1} cover Ry. Finally,
each edge {g, [g,i]} € E is sent to an edge in T, namely {guvg, gv; }, and each
edge in 7 is of this form for some g € A and i € [K+1], so that f is a graph
isomorphism. O

2.1. Explicit example. In Section 5 we construct several arithmetic groups
acting simply-transitively on (the left side of) biregular trees. For each such
group Corollary 2.10 gives infinitely many explicit Cayley bigraphs, for ex-
ample taking congruence quotients. In Sections 7 and 8 we show that all
of these graphs are adj-Ramanujan, and that some are Ramanujan whereas
some are not. We end this section by describing a special example of Cayley
(resp. Schreier) bigraphs, which arise from one of these groups (the Eisentein
lattice AL with p = 2).

Let £ = Q[v—3| and w = 71%‘/:)’ (a primitive third root of unity), and
denote (as in (1.12))

1 L9V — (', (!
(2.4) A: 2(\/0_733 _01>,0.—< w2>,7._<1 1),and
(2.5)  g3atbtl.— {Afb = aaTbAilebafa} 0<a,b<2

Each of S',...,S5Y is a symmetric set of size two, so that S = LUS? is sym-
metric and i: S — N from Definition 2.1 is given by i(j) = j. Let A be
the group generated by S in PGL3(F). This group (which is denoted by
AZ in Sections 5-8) is a subgroup of PUs(Z[1/2]), which acts naturally on
a certain (9,3)-biregular tree 7 described in Section 5.1. It is shown in
Section 5 that A acts simply-transitively on the left vertices of 7 (Theorem
5.2) and explicit computation using Proposition 8.2 shows that for a certain
left vertex vy with neighbors vy, ..., vy, each S sends vg to the two other
neighbors of v;. Thus, CayB (A, g) coincides with 7 by Theorem 2.9. A
special feature of this example is that each S° U {I} is in fact a subgroup
of A. Thus, in the presentation of CayB suggested in Remark 2.7, each
vertex in the right side of 7 is represented by a coset of S U {I} in A.

Corollary 2.10 gives us examples of finite Cayley bigraphs: Let ¢ # 2,3 be
F, ¢=1 (mod3)
Fp2 ¢ =2 (mod 3)
F*. Let ¢4: PGL3(Z[w]) — PGL3(F) be the modulo ¢ homomorphism with
(W) =w, let Gg = ¢g(A) and Ay = A Nker ¢y, and let

X;q = CayB (Gy, {¢q(S)}=1) = ANT,

where the isomorphism is by Corollary 2.10, and Lemma 2.13 below shows
this is an honest Cayley bigraph. Using again the labeling from Remark
2.7, each right vertex in Xf@’q is labeled by a coset of some subgroup

a prime, F = and W a primitive third root of unity in
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?4(S) U {1} < G, and we obtain the graphs described in Example 1.1.
Theorem 8.3 shows that G, are classical groups over finite fields, and that
X;’q are adj-Ramanujan, but not Ramanujan. Furthermore, the group Gy
acts transitively on the projective plane over [F, or a certain subset of it, as
follows:
| PA(Ey) g =1 (mod 3)
a {v e P(F,w]) |v*v =0} ¢=2 (mod3),

and the corresponding Schreier bigraphs Ygz’q = SchB(Gy, Yy, {04(S)}_1)
are Ramanujan (Theorem 8.3).

Lemma 2.13. In the notations above, ¢4 (with q¢ # 2,3) is injective on
Su{l} .

Proof. The diagonal coefficients of any s € S cannot all agree modulo ¢ for
q > 3, hence ¢q4(s) # ¢q(I). Similarly, if s, 8" € S and ¢q(s) = ¢q(s’), then by
examining their diagonal we see that s = 075’07 for some 0 < j < 2. From
the non-zero off-diagonal coordinates we get @ = \/T??’ij in F, which
implies j =0 and s = §'. O

Remark 2.14. For ¢ = 3 one can still define Xfm’g, using ¢3: PGL3(Z]w]) —
PGL3(Fslz]/(22)) with ¢3(w) = 1 — =, and show that it is non-Ramanujan.
This might be proved similarly to Theorem 8.3, though in this specific case it
is easier to check it with a computer. Moreover, the subgroup Gs = (¢3(S))
is isomorphic to (Z/3Z)3. To see this, first note that ¢3(Af’*) € [+xMs(F3)
which implies that Gj is Abelian. Second note that ¢3(o) commutes with
¢3(A) since (1 —z)/ = z(1—2)7™2 (mod 3,2%), so that G is generated by
$3(Ao ). Finally, verify that A3 = I and that ¢3 (Aojf*) are linearly indepen-
dent over F5. (In the language of Section 5, G3 is a subgroup of the projective

unitary group of the non-étale extension F3[z]/(22) of F3, and the latter can
be described by {A + zB € Ms(Fslel/(z?)) | A'A = I, AB' = BA'} /{+I}).

3. SPECTRAL ANALYSIS

Let X = (V = LU R, E) be a connected undirected (K41, k+1)-biregular
bipartite graph with K > k and |L| = n, so that |R| = I]fjr'lln Throughout
this section we denote by E the directed edges of X; each edge appears with
both directions, i.e. |E| = 2n(K + 1). We denote by A = Ax the adjacency
operator on L2 (V). It is easy to see that ker A = ker (A|r) @ ker (A4|), and
since A maps L?(R) to L*(L) and |R| > |L|, A|gr must have a nontrivial
kernel. There is however no reason for A|;, to have one (and generically it
does not - see [BDH21]). We define the excessiveness of X by

E=Ex Y dimker (A7),
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FIGURE 2.2. The (Ramanujan) Schreier bigraph Y>? arising
from the Eisenstein lattice A% acting on the vectors of norm
zero in 3.

and observe that (A|r) = (A|z)” implies rank(A|r) = n — &, so that

Nx “ dimker (A|g) = |R| —n+ & = £=kn 1 ¢,

and in addition that rank A = rank A|; + rank A|p = 2 (n — &). The spec-
trum of A is symmetric: if for f € L?(V) we denote f := f|; — f|r, then
Af = M\f implies Af = —Af, so in total A has n — & positive eigenvalues
(counting with multiplicities), which we denote by

\/(K‘Fl)(k—i-l):pf:/\l>)\22...Z)\n_5>0.

We define the following union of three line segment in :
Or i = [—ilogka:,O] U0, 7] U {77,77+z'10g \/Ki/k} ,

and with every X € [0, pf] we associate
N —K—k
¥ = 9, = arccos <> .

2VKE
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We note that A — 9, maps [0,pf] bijectively onto O, and takes
ﬁ+ﬂ,ﬁ—x/ﬂ onto [0,7]. Thus, writing ¥; = Uy, X is adj-
Ramanujan (see (1.4)) if and only if da,...,9,—¢ € [0,7]. The ¥-
parametrization will be useful in analyzing walks on the graph in Section
4, and is inspired by a well-known parametrization used for the regular case

(see e.g. [DSV03,NS23]).

We now turn to the non-backtracking B = By, which acts on L?(E)
by Bf(v = u) = >, sy f(u = w). Its Perron-Frobenius eigenvalue is
pfg = VKk, and its spectrum is also symmetric: decomposing E = L—}%uﬁ%,
where LR = {{—r | ZefffR} and LR = {tr] feifreR}, we define F :=
F| — F[s3 and observe that

(3.1) BF =uF =  BF=—uF.

We associate with every A € [0, pf] the two complex numbers
(3.2)

P =y = \/%()\Q—K—ki\/()\Q—K—k)Q—ALKk) =\ eEIVEE,

where the external square root is chosen so that arg(u®) € [0,7). We will
show in Proposition 3.6 that if A € Spec A then :I:,uf\[ € Spec B, save for some
singular cases in which the corresponding eigenfunction vanishes. However,
the eigenvalues alone are not enough for spectral analysis, since their corre-
sponding eigenfunctions are not orthogonal, as B is not normal. The main
goal of this section is:

Theorem 3.1. If Ay > Xy > ... > A\_g, > 0 are the positive eigenvalues
of A, then B is unitarily equivalent to a block-diagonal matriz composed of:

(1) The block (, ).

(2) (a) For each 2 < j < n —Ex with \; € [\/I?—\/E,\/E—l—\/g], the
block

(3.3)



38 SHAI EVRA, BROOKE FEIGON, KATHRIN MAURISCHAT, ORI PARZANCHEVSKI

(b) For each 2 < j < n — Ex with \; ¢ \/E—\/E,\/E—l—\/ﬂ, a
0 0 H?Oéj Y
0 0 0w B

pijag 6 0 0
0 u;/B 0 0

V4,05 € are all bounded by K7’

(3) Ex times the block (;1).

(4) Nx times the block (; ).

(5) x(X) times the diagonal block (' _,), where x(X) = @ —|VI+1=

block of the form , where aj, B € Rso and

Igi_ll -n+1.
Note that since Spec ( 2 0 ) = {i\/aﬁ} and

0 0 apt =x

Spec wo/a 2 g ﬂ’( = {+ut,+p~}, in particular we obtain
0 w7 /8B 0 0

the following:

Corollary 3.2 ([Kem16,BDH21|). The spectrum of Bx is

Spec(Bx)

+VEE, iz\/E,il} U {£u]0 < A € Spec(Ax)} Ex =0

+VEE, +iVE, j:i\/E,il} U{#pE]0 < e Spec(Ax)} Ex > 0.

This was shown in the cited papers by a detailed study of the Thara-Bass
formula following [Has89]. The approach we take is inspired by [KS00] and
has the advantage of giving the eigenvectors as well, which is important for
the combinatorial applications in Section 4. We further obtain:

Corollary 3.3. (1) The graph X is NB-Ramanugjan if and only if it is adj-
Ramanujan and additionally Ex = 0.

(2) X is adj-Ramanujan if and only if Spec (A2‘L) C {Kk} U
[K Yk 2VEER K + k+ 2\/Kk:] u{0}.

(8) X is NB-Ramanujan if and only if Spec (AQ}L) Cc {Kk} U
[K fh—o2VEKE K +k+ 2\/Kk] .

(4) The NB-Ramanuajan property and the Riemann hypothesis are equiva-
lent for bigraphs.

SWith some effort one can compute a;,3;,7;,0d; explicitly from the proof, but they are
not pleasant and will not be needed for our combinatorial purposes in Section 4. We also
remark that case 2(b) does not occur in arithmetic congruence quotients of Us-buildings
— see Sections 6, 7.
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Proof. (1) This follows from the observation that
e VK +VE VK —VE] & 0, €|0,7]
& |l < VEE & |uflluy| = VEF,

and the fact that |£ivk| < VEKk < |+ivVK]|; (2,3) These are immediate from
(1); (4) NB-Ramanujan implies the R.H. for any finite graph by [AFH15]
(and for bigraphs by [Has89]). For bigraphs the converse also holds since if
}uf\t}<mthen \uf| > VKE. O

Remark 3.4. In fact, the Riemann Hypothesis, NB-Ramanujan and Ramanu-
jan property are all equivalent for bigraphs, but for the proof we need the
theory of Hecke algebras — see Section 6.

We now begin our analysis of the non-backtracking spectrum, noting first
that u, u~, —pu™, —p~ are all the roots of

(3.4) pt+ (K +k—\) p? + Kk = 0.

Since pF # 0, and p # —p~ by the choice of branch in (3.2), equation (3.4)
has only two solutions precisely when

(3.5)
pt=u o vef{or} © IX=VExVk & uie{m,im}

(and Theorem 3.1 shows that B is diagonalizable if and only if this does not
occur in the spectrum). As A ranges over [0,pf] (and ¥ over Ok ), u*
ranges over

(3.6)
{f | e 0,p} =+ [1LVER| U {z €| sl = VEE} U [iVEiVE],

and the points of special importance are:

| A | v | o [ e ]
pi=+(K+1)(k+1)| —ilogVKk |pjp=VEKk]| 1
VK +Vk 0 VEk VEKk
VK —Vk 7 ivVKk ivVKk
0 7+ ilog\/K/k ivk ivVK

Definition 3.5. Given f: V — R, we define fy,, fri, fei, fro: £ —, by
foll=r)=f(0) frilt—=r)=f(r) fa(l—=r)=0  fio({—r)=0
foolls=r) =0 fri(t+r) =0  fu(ler)=f(l) frollr) = f(r)

(for neighboring vertices £ € L and r € R). We write f,s to indicate one of
the four, and denote

Wy = Span { fi} -

We note that fr, = —fuo, fri = —fris fri = foi and fro = fro, hence Wy =
W.
f
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For f: V — R satisfying Af = \f, fix u* = uf and define F* = Ffi and

G* = G]jf by

F* = Moo = (05 + K) fri = 1" Mei + (05 + K/ fro

G* = (0 + k1) fio — 5N i — (W5 + k) foi + Moo

Omitting the £ choice, this means that for neighboring £ € L and r € R

{F(€—>T) =\() — (0 +K) f(r) {G(ﬁ—”’) = (u+k/p) f(€) = pAf(r)
F(l=r) = —pAf(0) + (n+ K/p) f(r) G(lsr) = — (u* + k) f(6) + Mf(r).

In the general case F* and G* differ by a scalar, but sometimes one of them
vanishes: if A = 0, then F~ = Gt = 0 (since p~ = ivVK and pt = ivk),
but we shall see that F*, G~ do not.

(3.7)

Proposition 3.6. If Af = \f, then BF* = y*F*, BG* = y*G*, BF* =
—pTFE and BGE = —p*G*.

Proof. For each choice of y = u* with corresponding F' = F*, we have

BE(U—r)=3" , F(er)=3 (=) + -+ K/p)fr)

= 1A (X2, 0, FO) + klu+ K/ ()
= —pA((Af) (r) = F(O) + k(u+ K/p) f(r)
= —pAAf(r) = F(0) + k(p + K/p) f(r)
= p[Af(0) = (N =k — Kk/u?) f(r)]
a0 = (12 + K) £(r)]
=uF{—r)
where () makes use of (3.4). The other direction is somewhat simpler:
BF ({ +r) = ZZNT,# F(t—r")
=KMO =+ K) Y, J0)
= KAf(0) = (0* + K)(Af(0) = £(r))

= —1PAf(0) + (4 + K) f(r)
=uF ().

The verification that BG* = y*G* is similar, and we conclude using (3.1).
O

Lemma 3.7. If f,f': V — R are eigenfunctions of A with non-negative
eigenvalues \, X' then:

(1) Mf1r, £'lr) = N (Fle 1), and if X # 0 then || f]gll = | Flll = L.
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(2) {feos fri} L{fus fro}, and
(fiir [1o) = (feos F1i) = M flrs f'lR) = N {flL, [|L)
(3.8) (feir f1i) = (feor o) = (K + 1) (flz, f'lz)
(3.9) (fris f1i) = (fro» Fro) = (k +1) (f|r, f'|R) -
(8) If X#0 then fLf = fulfi,

(4) If x=0 and flr =0 or fl[r =0 then fLf = fuLlfl,.
(5) If X ¢ {0,pf} then {fu} are linearly independent, so that dim Wy = 4.

Proof. (1) Since A is self-adjoint, A (f|r, f'|r) = XN ([, ['|r) = (Af, ['|r) =
(FL ARy = (f,(Af) L) = N (f. f'lL) = N {flL, f'|L). When A # 0
this shows in particular that f|z and f|;, have the same norm, hence the
second assertion follows by Pythagoras.

(2) {feo frit L{f};s f1o} since they are supported on disjoint sets of edges

(LR and ﬁ and the rest is routine computation, e.g.
<f€i7 fro = Z ffi(g%r)f;o(gkr)

L~r
=> fOf(r)=>_f(r) =X{fIr f'lr)
b~r reER
(Foir Fli) =D fulle=) fL;(L=7) =D F(OF'(0) = (K + 1) {f|r, f'|L)
Lo b~r

(3) TEA # 0 then 0 = (£, ') = (flo, 1) +{f1r £1) = (3 + 1) (flr £1n)
implies f|rLf'|r, hence f|rLf'|1, as well, so (2) gives firLfL,.

(4) f A=0and f|L =0 (f|g = 0 is similar) then fLf’ implies f|rLf’|r,
and we continue as in (3).

(5) By (2), the Gram determinant of {fax} is
KA (N = (K+1)(k+ 1))2, which vanishes if and only
if either flg = 0 or f|r = 0 (either of which implies A\ = 0), or
A = pf. (]

Proposition 3.8. If f is a A-eigenfunction of A for X\ ¢ {O,Ri \/E},
then Span { f,} = Span {Fi,ﬁ:}}.

A—(p"+K) —p=x p+E

Proof. The matrix T' = (M 5 ) 3 e transforms { f,.}
A= (P 4EK) wta (i)
A—(u’2+K> pTA - pf+#£_)

o {Fi,ﬁ}, so that det(T) = —fﬁiff (ut — p)* (ut 4 p)° implies that

Wy = Span{Fii,F/’}} unless A =0 or put = p~. O
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Eigenfunctions of A only “explain” some of the eigenfunctions of B, and
the rest, which we now describe, are of topological nature (the fact that all
eigenfunctions of B are described by Propositions 3.6 and 3.9 follows from
the proof of Theorem 3.1):

Proposition 3.9. For a closed cycle v = ({1,71,02,72, ... by = l1,7 =T1)
in X, define py,ny: B — by

Py (b = 1i) = py (lig1 <= 13) =1
Py (b = 13) = py (i1 — i) = —1,
Dy (€) =0 for any edge e which does not appear in v, and ny = p,. Then:

(1) Bpy = py and Bny = —n,.
(2) pyLny for any two cycles ,~'.
(3) For any f:V —, py and n, are orthogonal to f..

Proof. (1) We prove that pr\ﬁ = pﬁ,\ﬁi; ﬁ% is analogous, and Bny = —n,
follows from (3.1):

Bpy (i — 1i) = Zz-#'wr- py (0 < 15)
=y (liy1 < 13) = 1= py(li = 10),

and if (¢ — r) ¢ ~ then either r # r; for any ¢, or r = r; and € # 0;,0;y1,
hence

Bp,(t —r) = Zg#/w py (0 1)

= 0 T =0=p,({ —r).
1-1 r =7 é#gi,£i+1

(2) Clearly if (¢ — r) € vy N~/ then
Pyl —=71) npy(l =71)=0=py(l 1) ny(l 1)
and if (¢ — r) = (¢; — r;) € yN~+' then
Py(l; = 1) -y (b = 1) + oy (b =) (g — 1) =1-14+1-(=1) =0,
hence (py, 1) = 3 ccpy(€)ny(e) = 0.
(3) We treat fy;, and leave the other cases to the reader:

(Dys fei) = Zp'y(e)ffi(e) = Z (py(li <= 13) f(li) + py(big1 < 75) f(lit1))

ecE %

= Z (f(liy1) — f(&)) =0,

(noy, fii) = (s fii) = Dy, foi) = (Dy, fui) = 0. 0

We can now prove the main Theorem of this section:
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Proof of Theorem 3.1. Let us fix an orthonormal basis for L2(V):

f17"'afn—gvfla"'afn—gvglv"'7g<€7h17"'7h/\/7

where {f.} is an orthonormal system with Af; = A;f; (recall A; > 0), {g«}
is an orthonormal basis for ker A|;, and {h.} for ker A|g. We denote

LY (B) = Span {pu | ¢ € L2(V)},

and observe that L% (E) = Span {p. | ¢ € {fs, gx, hu}} since Wi = Wy,
From Lemma 3.7(3,4) we further obtain that there is an orthogonal decom-
position L% (E) = Docis. 9.1 We, and our first goal is to construct for
each W, an orthonormal basis in which Bly, has a nice form. We denote
Ff=Ff Gf =GEf and Hf = Fi*.

J b J 93 J hj

(1) For 7 = 1, Ay = pf and f; is constant on each of R and L, so that
Wy := Wy, = Span {IL_}? lm}. The basis 13,153 is orthonormal up

to scaling, and in it Blw, = (, ). The functions F;" and F;" (which are
scaling of v/ - 13+ VK - 14+) form a non-orthogonal Bl -eigenbasis,
whereas F|” = F| = 0.

(2) For 2 <j <n-—¢&and f = f;, W; := Wy, is 4-dimensional by Lemma
3.7(5). We split into two cases:

(2a) \j € [\/F— VE, VK +Vk|, which is equivalent to |u| = VKk.

It is tempting to start with F ji, Fji which form a B-eigenbasis for W,
except for the special cases \; = VK £+ VE (in which FjJr = Fj_ and
B ‘Wj is non-diagonalizable). It turns out however that it is better to fix
= M}; and F' = Fj+, and define

@:{blzﬂﬁ, bo=F|, by =Flsz, b4:?|ﬁ},

where ﬁ inver(E> edges, namely, ?(6 — 1) = F (¢ < r) and vice-versa
(in particular, fy, = fe; and fro = fri). It is immediate from Proposition
3.6 that Bby = ubs and Bbs = uby; computations of the same spirit as in
its proof show that Bby = (K —1)bs+ %b4 and Bby = (k—1)by + %bQ, SO
0 0 pk—1
that [B}WJ b= (2 Ko_l g k(/)“ ) . So far, we did not use the assumption
' 0 K/u0 0
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\u| = VKk. Using Lemma 3.7 and (3.4) we have:

2
ol = |75 | = oo = 0+ )l
= 2| fool? = 2R (A + K) (Fror fri)) + |1% + K" || £l
= N2 EHL o (A + K)3) + |? + K| - B

1 L) (1 K
=g(u—)(u ﬁ)(KJFM—l)k 1?)
= L= L)+ Byt B (B g,
where the last equality is the first time we have used |u| = VKk.
By its definition we have |by|| = ||b1]|, and computing similarly gives

bilb; for i # j, and ||bo]|® = |b3]*> = VEK/E|bi||>. Thus, & =
{\4/?()1, V'kba, vkbs, szl} is an orthonormal basis up to scaling, and

|:B‘Wji|gg/ is the matrix in (3.3), as u~ = —p.

(2b) For \; ¢ {\/E— \/E,\/f—k \/E} the eigenvalues :I:,ujE are dis-
tinct, and W; = Span {Fji,l,?}}. From Proposition 3.6 we see that

B- (Fji|L—R>) = ,uiFji]ﬁ7 so that

0 0 puf 0
P B R I L e
il pl 07 0 0 |’ b3:Fj+|m,b4:Fj—ym

0 puy 00

}

The basis & is not orthonormal, but {b1, b2} L {b3,bs} as they are sup-
ported on disjoint sets of edges. Gram-Schmidt process then gives a

z*x00

change-of-basis matrix P = < y9 2) which transforms % to an or-

w
thonormal basis %', and

00z
_ 0 0 Zur

(3.10) [B|Wj], [B‘W] P 2ufox 0 gj
0 Yu; 0 0

has the desired form. Finally, since %’ is orthonormal, every entry of
[B|W].l%, is bounded by ||B|Wj H2 <||B||y = K, and in addition ‘,uﬂ >1
by (3.6), so that [£],|2],|Z], %/ and the two * in (3.10) are bounded by

K.
(3) Let g = g; € ker A|. As ||g|z]l = |lg]] = 1 and p~ = iVK, taking

B = {bl = G;\L—é = %iggo,bg = G;|m = (K — k)ggi}
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we have [B|Wg]@ = (1\/F “/E> by Proposition 3.6, and

Hb1H = (K — /{)\/1 + l/K, b1 Lbs, Hbg” = (K — k)\/K—l— 1

by Lemma 3.7(2). Thus, [Bl|w,]

%' = {b1/||ba] b2/ ||b2]|}-
Similarly, for h = h; € ker A|g Proposition 3.6 and pt = vk give

[B|Wh]%‘ = (z\/g Zﬁ)

— gt — ot — k=K.
S {bl - Hj |ﬁ - (K_ k)griab2 - Hj |ﬁg - WZQTO}7
and ||h|gr|| = 1 together with (3.9) imply
il = (K — AT, bilbs ool = (K — K)VIT1/F,

so that [Blw,]y, = (;%) for the normalized basis & =

{o1/ Mloall, b2/ [|b2]l}-

Combining (1)-(4) we obtain a block-diagonal form for B| L2,(i), and we
now also see that its dimension is

dim L} (B)=2+4(n—&—1)+28+2N =2(|[V| - 1).

o = (iK 1) for the orthonormal basis

where

Next, we choose a maximal spanning tree in X, and let I" be the set of
closed cycles with one edge outside of it, so that [I'| = @ —|Vi+1=
X (X). Denoting P = Span{p,|v € I'} and N = Span{n, |y € I'}, we
have dim P = dim N = |I'|. In addition, P, N and L% (E) are mutually
orthogonal by Proposition 3.9, so that P& N = L3, (E)J‘ by dimension
considerations. Proposition 3.9 also shows that B|, = I and B|y = —1,
so that any orthonormal bases for P and N give together an orthonormal
basis for L, (E)™ in which B| 2 (51 = diag (r, ~Ir))-

O

We remark that for non-regular graphs sometimes one is interested in
the Markov operator Mx = D~'A or the Laplace operator Lx = D —
A, where D is the degree operator (Df) (v) = deg(v) f (v). For biregular
graphs however, the spectrum of A determines that of Mx and Lx. We
finish the section with a nice exercise which shows in particular that the
Laplace spectrum does distinguish between adj-Ramanujan and Ramanujan
bigraphs.

Exercise 3.10. (1) The Laplace spectrum of X is

K+k+2+, /(K—k)24+4)2
SpecEX:{O}U{ (2 S

2§an—5}

U{k+ 1NV UK+ 1 U{K +k}.



46 SHAI EVRA, BROOKE FEIGON, KATHRIN MAURISCHAT, ORI PARZANCHEVSKI

(2) X is adj-Ramanujan if and only if

Spee Lx C {0} U | Ktk RERPHIVRAVAY Kkt 2y (KR AG/RVRY |

U{k+1}U{K +1)

[ Kkt 24/ (K—R)244(VE—VR)2  K+k+24/ (K k)24 4(VE+VR)? |
2 ’ 2

U

U{K +k},

and it is Ramanujan if and only if in addition K 4+ 1 ¢ Spec L.

4. COMBINATORICS

We continue with X = (LU R, F) being a connected (K41, k+1)-bigraph
with |L’ =n,&E=Ex = dimker(AX|L), and pf =X > X > ... > )\n—EX
the positive eigenvalues of Ax.

4.1. Pseudorandomness and biexpansion. Let E (S,T) denote the set
of edges connecting two sets of vertices S and T in a graph. The famous
Ezxpander Mixing Lemma is a simple yet powerful tool which bounds the
deviation of |E (S,T')| from its pseudorandom expectation (see [HLWO6]).
In our case it takes this form:

Theorem 4.1 (EML). If X = (LUR,E) is a (K+1,k+1)-bigraph with
Ao < g, then

@) |EEDI- kST < ey/is1 (- BT (- )

forany S CL and T C R.

Sketch of Proof. Denoting by 1g the characteristic function of S, expand
|E(S,T)] = (Alg,17) in an eigenbasis for A, and isolate the contributions
of the tpf-eigenvectors. O

For Ramanujan bigraphs we have ¢ = VK +vk, and the EML is useful
when K ~ k, but becomes disappointing when K > k and VK + VEk
approaches the trivial eigenvalue pf = /(K +1)(k+1). However, the
EML only takes advantage of the fact that the nontrivial spectrum lies in
[—\/I? —\/E, VEK+ \/E}, and not of its concentration in two narrower sub-
strips (together with 0). We suggest here a different way to think of pseu-
dorandomness in bigraphs, of a similar nature, but which takes into account
the difference between Ramanujan and weakly-/adj-Ramanujan bigraphs.
We first define a notion of biexpander, which is a weakened version of the
(full) Ramanujan property:
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Definition 4.2. A (K+1,k+1)-bigraph X is an e-biexpander if ¢ < VK,
Ex =0 and

Spec (Ax) C {0} U+ \/7(—5,\/?+e} U{j: (K+1)(k+1)}.

Note that by (1.4) and (1.9), X is NB-Ramanujan if and only if it is a
Vk-biexpander. Ramanujan bigraphs are in fact optimal biexpanders, in
the sense that there is no infinite family of e-biexpanding (K +1,k+ 1)-
bigraphs with ¢ < vk (this follows from the generalized Alon-Boppana the-
orem [Gre95,GZ99]). We remark that [BDH21| shows that random bigraphs
are almost-Ramanujan (in the strong sense), namely, for any ¢ > 0, a ran-
dom bigraph is a vk +e-biexpander with probability approaching one as the
graph size grows to infinity.

Thinking of A as mapping every element of L to K+1 elements of R, we
study the number of clashes arising from two subsets S, T" C L, namely, pairs
of distinct edges e, ¢’ which leave S and T respectively, and end in the same
vertex:

CZ(S’T):{( d) € B* e£e lenedNRl=1

e€cSxR, ¢ GTXR}

Theorem 4.3 (Clash Counting Lemma). If X is a (K+1,k+1)-regular
e-biexpander with |L| = n, then

[1c1(8,7)| = (KE£k£L || 7] — S 0 7))

< 3VE=\/Is] (1 - ) 7 (1 - D),

and

[C1(8,T)| - (KEsksl=s 5] 7] 4 (2~ 1) | " 7]

<aVEe/Is| (1- ) 1) (1 - 1)

for any sets S, T C L.

Proof. As each (e,e’) € CI(S,T) constitutes a non-backtracking path of
length two from S to T', we have

C1(S,T)| = ((A? = (K + 1)) 1s, 17)
= (A= K — &) 1g,17) + (2 - 1) |SNT].

We denote P = Span{l;, 1z} = Span{fi,fi} and U =
Span { f, fQ cos I, fn}, obtaining an orthogonal A-stable decomposition
L*(V) = B @ kerA & U. Decomposing accordingly 1g = Py(ls) +
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Prer (1g) + Py(lg) we observe first that Ex = 0 implies Py 4(1g) = 0.
Since Pyp(lg) = %ILL and Spec Alp = pf, we have

((A? — K — ) Py(1s), 17)
= (Kk+k+1-¢?) (Bl 17 ) = Brkbi=e? g7,

and since Spec A|y C [VK — ¢, VK +¢] and |Pyls| = /][] — [Pyls|2 we

have
1C1.(8,7)| - (K= 57| + (2~ 1) |0 7)) |
=[((A? - K — €*) Py(1s), 17)|
<||(4* = K =) [, | 1P (Ls)]| |Pu(Lr)
<oVKe\/I81(1 - 2y /iy - L),

This is the second bound in the Theorem. To obtain the first one, repeat
the same proof replacing 2 with zero throughout. Using H (A2 — K) ‘UH <

(2v/Ke + €2) in the last step, we obtain
1C1(S,T)| — (EEEL S| |T] — [N T])|
<(2VRe+)/|8] (1 ) 7y (1 - 1),
<3VEey/Is| (1 - ) 1 (1 - ). O

Remark 4.4. (1) In the Ramanujan case the Clash Counting Lemma reads

[1C1(8, )] = (KEEL|S| [T] + (k = 1) 1S 0 7))

S T
(4.2) <2W/K \/|S| — By (1 - .
For an adj-Ramanujan graph, we encounter the additional term
(A = K = €°) Prer a(15), 17) = (K + k) (Per a(Ls), Prer a(17))

which (without additional knowledge on either 1g or 1p) would enlarge
the error term 2v Kk in (4.2) to K 4+ k. (2) A converse for the Expander
Mixing Lemma was proved in [BL06|, showing that satisfying (4.1) is in fact
equivalent to being an e-expander, up to a logarithmic factor. It is shown in
[Mor24| that the same is true for clash counting and biexpansion:

Theorem 4.5 ([Mor24|). If a (K+1,k+1)-reqular bigraph X = (LU R, E)
satisfies

CL(S, T)| — (FRE 18T~ ISOTI)‘ < VEKa/|S|[T]

for any S,T C L, then X is a O (a (1 + log %))—bieazpander.
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4.2. Sparsification. Another perspective on expansion is given by the no-
tion of spectral sparsification [ST11]|. Roughly speaking, a graph X is called
a sparsifier of a graph Y with the same set of vertices if Ay — Ay is small
in an appropriate sense, where a > 1 is some scaling factor. For example, if
X = (LUR,E) is a k-regular bigraph on 2n verticesand Y = (LU R, L X R)
is the complete bipartite graph on the same vertices, then it is easy to see
that H%AX — AyH < en if and only if A9 (Ax) < ek; thus, sparsification
of the complete graph is equivalent to being an expander. However, in the
(K41, k+1)-biregular case a Ramanujan bigraph X = (LU R, E) is not a
good sparsifier for the complete bipartite graph Y = (LU R, L x R). The
reason is the kernel of A on the left side: we require that Ax be injective
on L, and assuming K > k the other eigenvalues are bounded away from
zero, but for Y the opposite is true, as the kernel of A|y, is almost maximal:
E(Y) = |L| — 1. This raises the question: what do Ramanujan bigraphs
sparsify? A possible answer is given by line-plane graphs:

Proposition 4.6. Let k be a prime power, d > 3, and P%* = (LU P, E)
the incidence bigraph of lines (L) and planes (P) in ]Fi“. Then P4k s

a (K+1, k+1)-reqular zero-biexpander (¢ = 0) with n = |L| = kd]:_ll_l and
K = n—k—1

= nop=l
Proof. First, K+1 = ”T_l = % is indeed the number of planes containing

a fixed line. By the discussion at the beginning of Section 3, it remains to
show that f: £ — R with ), . f (£) = 0 satisfies A%f = Kf. Since every
line is contained in K + 1 planes, and every pair of different lines is contained
in a unique plane, indeed

(A1) (0 => AN =D f()=> |peP

00 €pd|f(¢)

LCpeP LCp U/ Cp el
= (KE+1)f(0)+>_ fl)=K[f(0). D
040

Note that by the miracle of geometry, for line-plane graphs the clash
counting problem is deterministic, as is the edge counting problem between
sets in a complete graph. The next claim shows that for fixed k, the operator
AQ‘ ; on a biexpander sparsifies the parallel operator on a line-plane graph
with the same left side. We cannot compare the adjacency operators on the
entire graphs, since they have right sides of different sizes.

Proposition 4.7. Let X = (LU R, E) be a (K41, k+1)-regular e-biexpander,
where k is a prime power. If |L| = kd]:_ll_l for some d > 3, then identifying

6We focus here on sparsification of the adjacency operator, as it relates to pseudoran-
domess. Other works (e.g. [ST11]) address the associated Laplace or Markov operators,
which relate to cut sizes and the behavior of random walk, respectively.
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L with £L C 2% (in any manner) gives

2 2 k41 |82—1‘+2\/EE
Hk([?—i—l)AX|L - Agﬂdvk‘gH ST T T ®meor
Proof. The operator T = %Ag( ‘L — A?@d,k ’L acts on constant functions
by mpf?}( — pf?@dyk = k—zl, and if f is a nonconstant A-eigenfunction of

nA n—k-1 _ ktl )‘7_%71 Since X is an

2 K
A#|,, then T acts on f by RETD — k vt R
e-biexpander we have [V A — VK| < ¢, and thus

AN—K -1 <A K -+ — 1| <2VKe + |[¢2 - 1]. O

4.3. Cutoff phenomena. In this section we study the total variation mix-
ing time on bigraphs, and show that under various assumptions we obtain
Diaconis’ cutoff phenomenon with varying window size. Except for Corollary
4.12 which addresses the simple random walk (SRW) on vertices, we focus
on the non-backtracking random walk (NBRW) on directed edges F = E,
which moves from an edge v — w to a uniformly chosen random edge of the
form w — u with u # v.

We continue with the notations from Section 3. In particular, X =
(LUR,E)is a (K+1,k+1)-biregular graph with |L| = n. Since the NBRW
is 2-periodic (alternating between LR and ﬁ%), it suffices to observe the
walk at even (or at odd) times. We assume w.l.o.g. that the starting edge

t
eg is in ﬁ, so that the NBRW has distribution pgg = (%) 1, at time 2¢,

and (restricted to even times) it has sample space of size N := ‘ﬁ‘, and

stationary distribution

1
u= W]lﬁ - ]P)Span(]lE,]G)(]le())’

where [P denotes orthogonal projection. The e-mizing time of NBRW on X
is

tia (£) = tmiz (£, X) = min {Qt €N ‘ Weo € LR, ||p2 — ullrv < 5} ,
where |||y, is the total-variation norm:

(4.3) I = vy = max |u(A) —v(A)] =3 |p—l-
ACLE

A family of graphs {X,} is said to exhibit cutoff if % =31
for every 0 < ¢ < 1. The cutoff is said to occur at time t(n), if for
every £ > 0 there exists a window of size w (n,e) = o(t(n)), such that
|tmiz (8, Xpn) — t(n)| < w(n,e) for n large enough. The average degree of
NBRW is Kk (in the sense that two consecutive steps take an edge to Kk

edges), and if  (n) = log /77 |Xn| we say that the cutoff is optimal. By the

next claim, a v Kk-regular walk cannot mix in less steps regardless of the
graph spectrum:
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Lemma 4.8. For any € > 0,

tmic (1 =€) > log /g N — log 7z7:(2)-

Proof. For S = supp (BZt]le) we have

S Kk)t
02— ullpy > [p2(E\S) — u(E\S)| = u(E\s) =1 5 > 1 BV
so at 2t = log /e N — logm(%) we have ||p? — uHTV >1-—c. O

For the upper bound on the mixing time we use the spectral analysis of
Section 3. Recall that X has positive adjacency eigenvalues pf = A1 > ... >
An—¢g (where &€ = Ex). By Theorem 3.1, for 2 < j < n — £ we have (in the
appropriate orthonormal basis)

2

2 +2

0 0 auf v I 77;2 0 0

BQ| B 0 0 0 Bip; B 0 py 0 0
Wiy = wtjey 6 0 0 - 2

J wy /oy j 0 0 ,u;r n;

N ; 2
0 '“J/BJ 0 0 0 0 Ou]-_

for ,u;E = ,ui_, and some T]jﬂ]é- €, which satisfy ’77j|7|77§" < HB2’ijH2 S
+2 2

HBQH = Kk. Denoting D; = Hi 77]2 and D, = | 77]2 , We see
2 J 0 “j— J 0 Mj_

that B? is unitarily equivalent to a 2 x 2-block-diagonal matrix:
(4.4)

B2 ~ dlag(Kk(X2)a D27 Déa s aanga D;z—g’ (7K)X2g ’ (7k)X2N ) 1><2X)7
where y = x (X) = |—§‘ — |V| + 1. We introduce a notation for the corre-
sponding decomposition of F' € L?(E):

(45) F=F'4+F’+F?4+. +F" ¢4+ F» 4 Fl L FR 4 X
so that
(4.6)
e : .
BF = (Kk)'F' + |30 D{F) + DY FY | 4+ (=K)'F" + (=k)' F + FX.

We denote by L3(E) := {l1g, 1g}+ = {13, ]lﬁ}J‘ the “non-trivial” part of
L?(E), and observe that u = ]léo. We also observe that for any F' supported
on LE we have F'i = 0 (for 2 < j < n— &), as the bases &' for Wy,
in Theorem 3.1 are comprised of two vectors supported on [7)3, and two
supported on ﬁ%

The next Lemma bounds the operator and the Frobenius norms of powers
of Dj, in the (adj-)Ramanujan case.
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Lemma 4.9. Let ¥ € [0,7], p* = VeF?VKE, and D = <“32 u1—72) with
|n| < Kk. Then for anyt >0

2 2 2 . 2
@1 D= DG = R (2 e (S55)°) < G0 (24 Kke?).

sin 9

Proof. For any ¥ € we have
Dt _ (,U/+2t ,)7 Zf;:lo H+2m,u2(t—m—1))
2t

0 w-
9 118 1 2im 9 -
_ (Kk)t/Q <ezt e—i(t—1) \/%g:m:o e2im > _ (Kk,)t/Q (ezt \/;}ﬁsggfﬁ)
0 et 0 et ’
and for ¥ € R also |e™™’| = 1. O

Since X is Ramanujan when £ = 0 and 9, € R for all j, we obtain from
(4.4) and Lemma 4.9:

Corollary 4.10. If X is Ramanujan then
(4.8)

HBQt’LS(E)HQ < max ”Dﬁ-!Lg(E)“F < V(KE) (2 + Kkt?) < t1/2(Kk)H1, and

(4.9)
|B%|)5 = 2(Kk)* + 2Nk
n—&
F2x(X) + (KRS (4KE+ (g + o) (2t02)?).
Jj=2

Note that if X is only adj-Ramanujan, then we get the much worse
}|B2t]L(2)(E)H2 = K', but the Frobenius norm HBQtHi is only increased by

2E K2t this will be used when we replace the Ramanujan assumption by a
density hypothesis.

Theorem 4.11 (Logarithmic NBRW cutoft). Restricted to even times,
NBRW on (K +1,k+1)-reqgular Ramanugjan bigraphs exhibits optimal cut-
off (at time log /7er N ) with window size bounded by 3log, /5 log N (for any

base in the inner log).

Proof. Since B*u = Kku, we have

[0 = ullpy, < 5% [P — ]
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by (4.8). For any € > 0, at 2t = log 7 N + 3log, /77 log N we obtain

N (loggy, N + 3logy log N)* Kk
Hpgt _uHTV < (loggy N + ogKkgog ) <
2N (log N)
once N is large enough, and the lower bound on the mixing time follows

from Lemma 4.8. O

Corollary 4.12 (SRW cutoff). Restricted to even times, SRW on (K+1, k+
K+ (+1) 1 n
Kk—1 8VEE

€

1)-regular Ramanujan bigraphs exhibits cutoff at time
with window of size O (\/log n)

Interestingly, even though we study SRW, we need full Ramanujan and
not only adj-Ramanujan for the proof to work. The proof itself is the same as
the deduction of SRW-cutoff from NBRW-cutoff on regular graphs in [LP16],
and from geodesic flow on quotients of buildings in [CP22|. Let us give a
informal sketch: Choose a covering map ¢: 7 — X, where T = Tgyq g is
the (K+1, k+1)-regular tree. For a vertex vy € Vy, choose £ € ¢~ (vg). Any
walk (X;) on X starting at v lifts via ¢ to a unique walk (X;) on 7 starting
at €. Denoting p (t) := dist7(&, X;) and Y; = p(t) — p(t — 2), we observe that
except for the times when &;_o = ¢ (which occur only finitely many times
with probability one), the variables Y; are i.i.d. with expectancy

E(}Q\Xt_z#é)=m'

It follows that p(2t) = Z;Zl Y5; obeys a central limit theorem with ex-
pectancy (Kﬁk)ﬁ - t, so at time ty = % log, /7 N the lifted walk
Xy, 1s roughly located at distance log, 7z N from . For simplicity we shall
pretend that p(tg) = log, /7 IV, and we can then deduce that X}, distributes
evenly on the log 1 N-sphere around £ in 7, by symmetry considerations.

Thus, X;, = ¢ (&4, distributes precisely as does NBRW starting from v at
time log /77 N, for which we have cutoff by Theorem 4.11.

In [NS23], it is shown that for regular Ramanujan graphs an additional
assumption on the girth of the graphs reduces the cutoff window to a bounded
size. We next show that the same holds for Ramanujan bigraphs. Our proof
is different and gives slightly stronger results, as we analyze the non-normal
operator B acting on edges, whereas [NS23| use Chebycheff polynomials to
relate the spectrum of A = Ax to a self-adjoint non-backtracking walk on
vertices. With the necessary changes, our approach can be applied to the
regular case as well.

Definition 4.13. A family of (K41, k+1)-bigraphs has m-logarithmic girth
(for m > 2) if its members satisfy girth(X) > % log /7 Nx for N large
enough.

For example, the Ramanujan graphs X ga’q constructed from the Eisenstein
lattice in Section 8 have 6-logarithmic girth (Theorem 8.3).
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Theorem 4.14 (Bounded cutoff for logarithmic girth). A family of (K +
1, k+1)-regular Ramanugjan bigraphs with m-logarithmic girth exhibits cutoﬁ
at time log sz N and window size bounded by 2log. /77 ( ) + log /7% Tm?.

Proof. Since e € ﬁ, Il'ej = 0 for all j, and write 1 = (%j) in the basis
which corresponds to the matrix representation of D;. Since we assume the
graph is Ramanujan, we also have 17 = 0. We take

2t_log\ﬁN+2logr( )—l—logrﬁn

(rounded up to a multiple of m) and let 7 = % For large enough N we have

5 log\ﬁN+2logr( )+log 7m log = NV <girthX
r< VK Vv
m -~ m-1 - 2 7

which implies that 27 steps of NBRW take any edge to (Kk)” different edges.

Thus, (4.6) gives
(4.10)
(KR)™ = || B2 1|y = || (Kk)7ut + [S525 DFad] + (—k) 715 + 1 z
> 55 DS a2 I+ e
Let
(4.11) J={2<j<n-e:|JnBms)| <clol},

where ¢ > 2 is to be determined later. If j ¢ J, then

n4 sinfﬂj @
VEKk sin'ﬁj (,BJ)
efi‘rﬂ- J

. 2
em’ﬂj

—T T2
(Kk)™ || Dj 1|

= |eriay + B n | + 1
> Jlogl = | oy 41,1
= Jay|® +‘ﬁs;:1£9]ﬂ]‘ 2|a3|‘\/75;:1r17;;9jﬁﬂ‘+|53
(558 ) 2oy + | tartag | %ﬁi?if% +181
(4.12) = fagl? 18 + 52 | e mrta gy

"For technical convenience, we limit the allowed times to multiples of m.
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Moving back to time ¢t = 7m, we have

. 2
it My sin t19 )
e VEKk smﬁ ( aj )
77,t19 ﬁ]
i J

(Kk) tz HDt]IJH

_ i
:25;5 0y + J T %\ + 187
_& inTmd,; 2 2
<2 e 52 455
Using the bound | 2722] = |22 | 58| < m |29 we abtain
(4.13)
9, 2
(KRS0 1D < SRt fo P+ 16,12 + 2m? | e 2arta
(using (4.11), (4.12)) <> 2mss 2cm HDT]NH +) 20y + (8 + 2m? (c|oy))?
j¢J JjeJ
2cm? —£ 112 2 25~ n—E |17 (2
< )RR [Z?ﬁ D7 12| } + (267 +2)m7) 55 12
2cm? —E 1 pTdll? 2 2
< e [ 205 1p7] + 26+ 2)m
Combining everything we obtain
2

t
(%Zk:) PL%(E)(]le)
- (Kllc)Qtz:?:_?(S HDtH]H + W H]lRH + (ch Kk)X H]l H

(using (4.13)) < s [Zj:_Z D75 ] + B+ e 1051 + e 2P

o2l =

A

2cm?> n—& || T 1712 27 || 1 R||2 2 2c2+2)m?
S ) (KR [ijz [DFR2["™ + &= L + (1]l ] + 4 (Kk))t
. CZ_C +2c24+2)m?
(using (4.10)) < %

Taking ¢ = 3 we obtain Hth —uH2 < (2[6(’”),5, hence at 2t = log 77z N +

2log. /i ( ) + log 7m? we obtain

[N - 26’m2 [ N .26m?2
HP _uHTV<\/>Hp _uHQ Kk 4N€_2 7m2—

As before, the lower bound follows from Lemma 4.8.

In the next theorem, we establish cutoff for adj-Ramanujan bigraphs which
satisfy Sarnak’s Density Hypothesis. This is precisely the case for principal
arithmetic quotients of the Bruhat-Tits tree of Us, by Theorem 7.11. In
addition, we shall assume that our bigraphs are left-transitive, namely, that
their automorphism groups act transitively on their left (smaller) side — this
is the case for Cayley bigraphs as defined in Section 2, and in particular, for
the Cayley quotients of the simply-transitive lattices constructed in Section
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5. We remark that one could also remove the left-transitivity assumption,
and instead prove cutoff for © (V) many starting vertices, as done in [GK22|.

Theorem 4.15 (Cutoff under density hypothesis). Let .Z# be a family of
left-transitive adj-Ramanujan (K+1, k+1)-bigraphs, which satisfy the density

hypothesis Ex < Ngf with § = m.s Then F exhibits cutoff at time

log /e N and window size bounded by

(1) (1726) log, /e log N in general, and
(2) i logm = if F has m-logarithmic girth, and e < m31 VK.

Proof. Let X € % and I’ = Aut X. We restrict our attention to L? ﬁ (so
henceforth B? stands for B?| 2 ﬁ) We denote Lz(ﬁ) = 1+, and J the

all-one matrix. As I' acts by automorphisms and |Teg| > K +1» We have

Hpgf)— HQ ‘pe‘ Z H 2 uH2

ecl'eg

K+1 2 K+1
> [P —ulf; <

- uH2
e€leg eeL

K+ 1
= 2t Z HB%H (Kk)tuH2

K+1
N(Kk)?

‘ B2 _

Furthermore, B — (Kk) J and (th) ‘1 . have the same non-zero singular
values, hence the same Frobenlus norm, so that

(4.14)

K+1

192~ ull? < e 1710

K+1 -
= N(RE [VE A ERT X (0 + > [F2a)
(using (4.7)) < % INE? + EK* + x(X) + (n— € — 1)(Kk)" (2 + Kkt?)]
K+1|€& (K\
S ER N <k> + 2Kkt2]

(where we have used N+ x(X) 4+ (n— € —1) = Kn <

N). The density
1— logk K
hypothesis glve < N Heex & and taking tg = logy, N+ (%5) log 1, log N

8For inert Us quotients, we have § = #@3) =3
q
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(with any basis b > 1) we obtain

g to 1-logy K/ FC\ 10 )
EENT o v (K)o 2
N(k) = * (k) (log V)

Thus,

AK?k (log? N + )
(Kk)to ’

2% H2 K+1

2 2
, < (k)i (log? N + 2Kktg) <

which implies cutoff at time 2ty = log /77 N + (%) log, /5 log IV, since

2to

Ipe* = ul|

4Kk ( log N + t2
<5 HPQtD qu \F\/ (Kk)to )

2
K2k <log2N+ (logKkN—F 1%CSIOgKklogN) >

(log )73

)

and the latter goes to zero as N — oo since 125 > 2. This concludes (1),

and we now add the assumption that % has m-logarithmic girth. Taking

t =loggr N + %logKk g and 7 = L we have

1 K .
2T§log\/ﬂN+glogm€—2 Slog\/ﬁlNSglrtQhX
m m —

for large enough N. This means that 7 steps of B? take any edge in I72 to
(Kk)™ distinct edges, hence every column of B?™ (w.r.t. the standard basis

of L>(LR)) has (Kk)™ ones and zeros elsewhere, so that || B*" ||, = N(Kk)".

I%
From the spectral analysis of B? (restricted to ﬁ , we have

n—E&
N(KR)T = | B[ = (KR + EK* + NE + x(X) + >0 107

We turn to Lemma 4.9 to observe that for each D = D;

|03 = (k) (2

i ")
+

% bln’?”l9)2> _ (Kk)t—'rm2 HDTH%

sin ¢

N
< (Kk)tm (
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Thus, returning to (4.14) we obtain
I — ul} < et [en a0k +x00) + 3 104
(K +1)

= N N(Kk)2t [

(K +1)
Kk. 2t
+(Kk)' " ™m* (N(Kk)" — (Kk)* — EK*™ — NE*T — x(X)))
(K +1)
N(Kk)%
+x(X) (1 = m*(Kk)"T) + m*N(Kk)" — m?(Kk)'™)

¢
< E+1) ;<I]§> 4 om2

T (Kk)
For £ = logye N -+ Hlosyg, & we have £ ()" < (5)'7 (by € < X9, and
thus

EK* + NE* + x(X) + (Kk)"~Tm? Z;:zg HD}H?}

(SK% +NE 4+ x(X))

((c/' (KZt _ mQKt—i-Tk,t—T) +N (th o mQKt—Tk,t+T)

< 3N |[p?

Hp - uHTV UHQ <3 (Kk)

1-46
B

)
The assumption € < m3-1+/ K gives (K/E2) > m?, so that

I -l < ) DG et

2 (K/e2)"/°
|

4.4. Geodesic prime number theorem. We now delve a bit into the pre-
history of Ramanujan graphs. For a lattice I' < SLs (R), Selberg introduced
a zeta function (p (u) which counts primitive geodesic cycles in the Riemann
surface H/T", and proved some properties analogous to Riemann’s zeta func-
tion [Sel56]. The analogue of the Riemann hypothesis in these settings is
Selberg’s famous 1/4-conjecture. Selberg’s trace formula expresses (r (u) in
terms of the algebraic structure of I', which prompted Thara to suggest a
p-adic analogue for lattices I' in SLy (Q,) [Iha66|. It was pointed out by
Serre that Thara’s zeta has a parallel geometric interpretation — it counts
non-backtracking cycles in a finite graph, which in modern language is the
quotient of the Bruhat-Tits tree of SLy (Qp) by I' [Ser80]. This means the
Thara zeta function can be defined for any graph, and Sunada observed that
the Riemann Hypothesis for a regular graph is equivalent to being a Ramanu-
jan graph [Sun86|. Hashimoto [Has89] has introduced the non-backtracking
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perspective, which uses B rather than A, and makes the story much simpler.
For more details we refer the reader to [Terll].

Let us denote by N,, = N,,,(X) the number of cyclically-non-backtracking
(CNB) cycles in a graph X. A CNB cycle is called primitive if it is not a
proper power of a shorter one, and two CNB cycles which differ by their
starting point are considered equivalent. A prime in X is an equivalence
class of primitive CNB cycles, and Thara’s zeta function is the function
Cx (u) =TIy pule%’ where the product is over all primes in X. We
have N,, = tr(B™) by the definition of B, and every CNB cycle can be
uniquely expressed as a power of a primitive one; it is a standard exercise
in generating functions (see e.g. [KS00]) to see that these two observations
yield

CX(u)—exp<Zmu >_ H 1_Mu_det(I—UB).

m=1 1ESpec B

For a (K+1, k+1)-bigraph, using the change of variable u = v/ Kk ° (where
s €) we note that (x has polesat s € {log\/ﬁu ‘ 1 € Spec B}. In particular,

as was observed in [Has89], (x has no poles with real part in (3,1) (which
is the right analogue of the Riemann Hypothesis in this case), if and only if
X is NB-Ramanujan. As in the number theoretic setting, the zeta function
can be related to prime counting:

Theorem 4.16 (PNT for bigraphs). If m(m

(m) is the number of primes of
length m in an adj-Ramanujan (K—l—l k+1)-bi
| =2

graph X with N edges, then

m(2m) — (KR)™ _ SX

m 2m

Kk‘)m/2

Proof. As every CNB-cycle is a power of a unique primitive one we have
Nom = 3_qpom dm(d), so that Mobius inversion gives

Nom| 1 .
m(2m) =50 _2m’z2m¢dzm (%) Na

where p is the Mobius function and the r.h.s. is a crude bound for the number
of cycles of length at most m. By the definition of B we have Na,,, = tr(B?™),
and the spectral analysis of B (Theorem 3.1) yields

(4.15) < NVKE",

4.16) Nop, = o= 2(Kk)" 4+ & "+ ce
( ) 2 Z,U,ESPGC(B) H ( ) X Z ae‘ip\/i M
Combining (4.15) and (4.16) yields the theorem:
(Kk)™ (=K)"
om) — —
’W( m) m Ex 2m
SNVER" + 55 3 wesnee [0l < 2N ()™ O

lul< VK
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We remark that the non-Ramanujan graphs which we construct in The-
orem 8.3 have K = ¢,k = ¢ for some prime q. As they are still adj-
Ramanujan, their zeta function satisfy the R.H. with the exception of £x

additional poles at
3 T
§=- i.
4 4lng
Going back to prime counting, it is interesting to observe that for adj-
Ramanujan graphs which are not Ramanujan, the deviation of the number of

primes from the “Riemann hypothesis” prediction (%) fluctuates between
over and under-counting, according to 2m (mod 4).

5. SIMPLY-TRANSITIVE LATTICES IN UNITARY GROUPS

In this section we begin our arithmetic construction of explicit Ramanujan
bigraphs. In 5.1 we define unitary groups schemes, and describe the Bruhat-
Tits tree of p-adic unitary groups. In 5.2 we construct arithmetic lattices
and state our main Theorem 5.2, which claims that these arithmetic lattices
act simply-transitively on the left hand side of the Bruhat-Tits trees. In 5.3,
5.4 and 5.5 we prove Theorem 5.2. Finally in 5.6 we collect some auxiliary
results which will be needed in later Sections (e.g. strong approximation).

5.1. Unitary groups in three variables. Let E/F be a separable qua-
dratic extension of global fields, and g + ¢g* the associated involution on
GL3(E), ie. (9%)i; = 7(gj4) for (1) = Gal(E/F'). Classical unitary groups
(which give rise to lattices of type (I) on page 12) arise from a choice of an
Hermitian form ® € GL3(E) (i.e. ®* = ®). For Op the ring of integers of
F, the unitary group scheme over O associated with E, ® is defined by

(51)  Us(B,®)(R) = {g € GLs (Op @0, R)| g0y = ¥}
for any Op-algebra R (note that one can always assume by scaling that ¢

has coefficients in Og). For example, for E = Q[v—3|, F = Q and ® = I,
we obtain for any commutative ring R:

Us (Q[V=3],1)(R) = {96 GLs (R [”zﬁb ‘9*921}.

The quotient of Us(E, ®) by its center is called the projective unitary group
scheme, and denoted by PU3(E, ®).

For any place v of F, and either G = Us(E,®) or G = PU3(E,®), we
denote by G, = G(F,) the group of F,-rational points of G. When v is a
finite place which does not split in F, F, = Og ® F}, is a quadratic extension
of the local field F,, and G, acts on a Bruhat-Tits tree. Let us give now
a brief description of this tree, for the case that E,/F, is unramified (the
ramified case is slightly different - see e.g. [EP22, §3]).

Let w be a uniformizer in F, (and in E,) and ¢ = |OF, /w| the size of the
residue field of F, (so that |Op,/w| = ¢*). Let B be the two-dimensional
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Bruhat-Tits building of G = PGLs3 (Ey), whose vertices correspond to cosets
G/K, where K = PGL3 (Og,) (see e.g. [Bros9, §V(8)]). If vy € B is the
vertex with stabilizer K , there is a simplicial involution #: B — B defined
on vertices by (guo)® = &1 (¢*) vy (for all g € G). By [Tit79, §2.6.1],
the Bruhat-Tits tree B of G, is a (q3 + 1,9+ 1)—regular tree, which can be
identiﬁed with the fixed-section of the involution #: the B-vertices of degree
q + 1 are the B-vertices fixed by #, those of degree g + 1 are midpoints of
B- edges flipped by #, and the B-edges are medians of B-triangles reflected
by #. The hyperspecial vertices B" C BY are precisely those which were
vertices in B , namely those of degree ¢° + 1.

By Bruhat-Tits theory (see [Tit79, §2|), G, acts simplicially on B and tran-
sitively on its maximal faces (the undirected edges). Since B is a biregular
tree it follows that G, acts transitively on the hyperspecial vertices B C B,
as well as on the non-hyperspecial ones. For any x € B, there is an associ-
ated subgroup P, < G,, called a parahoric subgroup, which is precisely the
stabilizer of x in G,, by the work of [HRO8] (see Lemma 5.7). If z € B!, then
P, is called an Iwahori subgroup, which is a minimal parahoric. For z € BY,
P, is a maximal parahoric, and if x € B"*, then P, is called a hyperspec1al
maximal parahoric. Since v = &~ lyy, whenever ® € K v itself is a hyper-

special vertex in B.2 As its G,-stabilizer is G(OF,) = G, N K, and since G,
acts transitively on B"*, we obtain an identification B = G(F,)/G(OF,).

5.2. Simply transitive lattices. The main goal of this section is to con-
struct four definite unitary group schemes over Z and prove that they give
rise to p-arithmetic congruence subgroups which act simply-transitively on
the hyperspecial vertices of the Bruhat-Tits building of the corresponding
p-adic group (Theorem 5.2).

Definition 5.1. A unitary datum (over Q) is a pair (E, ®), of an imaginary
quadratic field £/Q, and a definite hermitian matrix ® € GL3(E).1° Let
G = Us(FE, ®) be the unitary group scheme over Z associated to (F,®). An
arithmetic datum is a pair (R,K), where R is a finite set of primes such
that for each p & R, the subgroup K, := G(Z,) < G, is maximal parahoric
(and hyperspecial for almost all p), and a finite set of maximal parahoric
subgroups for the remaining primes K = {K, < G(Qy)}per. For any prime
p, define the principal p-arithmetic group associated to G/Q and the family
of parahoric subgroups { K, < Gy},

(5:2) =G ]] K <G

L#p

9This is in fact the case in all the examples which we shall consider, with the exception
of the CMSZ lattice (Theorem 5.2(%")) over p = 2, which requires extra caution.

10This extends to any totally real global field F' replacing Q, where E is now a CM
extension of F', and ® is definite at every real place of F'.
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A congruence datum is a pair (M, H), of an ideal M < Op, whose norm is
a power of a single non-split prime m ¢ R, and a subgroup H of the finite
group G[M|] := G(Zy,) (mod M) < GL3(Og/M). Note that the modulo M
map is a well defined homomorphism from K,, = G(Z,,) to G[M]. Denote
the level (M, H) congruence subgroup of K,, to be K,,(H) ={g9€ K, : g
mod M € H}. For any prime p # m, since I'? < K,,,, the modulo M map
induces an homomorphism from I'”? to G[M]. Define the associated level
(M, H) congruence p-arithmetic subgroup to be

63) A =GQ() [] Ee-Km(H)={geTI? :g mod M € H}.
L#p,m

A strong unitary datum is a sextuple (E,®, R, K, M, H), where (E,®) is

a unitary datum (over Q), (R, K) is an arithmetic datum and (M, H) is a

congruence datum.

Note that for the arithmetic datum (R,K) with R = () and K = (), then
I'? = G(Q)N1Isz, G(Zi) = G(Z[1/p]). Also note that for the congruence
datum (M, H) with M = m a rational prime and H = {I} the trivial
subgroup, then K,,(H) is the principal congruence subgroup of level m,
which we shall also denote by K,,(m).

The main purpose of this section is to prove the following Theorem.

Theorem 5.2. For each of following strong unitary datum, (&), (4 ), (A ),
and (€'), and each prime p # m, the associated congruence p-arithmetic
subgroup modulo its center AP = AP/Z(AP), where Z(AP) = {I} for (&),
(4), and (€), and Z(AP) = {+I} for (M), acts simply-transitively on the
hyperspecial vertices on the Bruhat-Tits building of G(Qy).

1 00
(6) E=Qu], w="520={0 1 0|, R=0,K=0, M= (3),
0 01
m =3 and
1 * =x
(5.4) H= x 1 < G[3).
* % ]

Call Aga the Eisenstein lattice.

1 00
%) E=Qli],i=+-1,®= [0 1 0),R@,K®,M(2+2i),
0 0 1
m =2 and
1 x =*
(5.5) H = 1 % < G[2 + 2i].
* x 1

Call Ag; the Gauss lattice.
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32 A
() E=QM, x= =T o= X 3 X|,R=0,K=0, M =(2),
A A3
m =2 and
x % %
(5.6) H= % < GL3(Fy) = G[2].
*
Call Ap//[ the Mumford lattice.
10 —2(n+2) n+2
(¢) E=Q, n=""5"0=|-20+2) 10  -2n+2)|,
n+2 —2(n+2) 10

R = {2}, K = {Ky} where Ky is defined in Definition 5.3, M =
(3,14+mn), m=3 and

1 10
(5.7) H:< 110 ,(if? ?),(IQ 11)>|b6F§>§G[M].
0 0 1

Call AY, the CMSZ lattice.

We note that it is not obvious why the H’s from equations (5.4) and (5.5)
are in fact subgroups. For case (¢) this was proved in [EP22, Proposition
34|, while for case (&) we shall prove it below in Lemma 5.23. We also note
that in equation (5.6), the isomorphism G[2] = GL3(F3) is obtained from
G[2] < GL3(0Og/(2)) = GL3(Og/(N\) x GL3(Ogr/(XN)), Or/(A) = Fy, and
projecting to the first component.

In this paper we shall mostly be interested in the above theorem when the
prime p is inert in E, in which case the Bruhat-Tits building is a (p3+1, p+1)-
biregular tree. This happens when p = 3 mod 4 for (¢), p = 2 mod 3
for (&), p = 3,5,6 mod 7 for (A#) and p = 7,11,13,14 mod 15 for (%).
However we note that the above Theorem holds also for split primes, in
which case it yields new As-groups in the sense of [CMSZ93, CMSZ93b],
i.e. discrete groups which act simply-transitively on the vertices of the 2-
dimensional building of PG L3(Q)), for infinitely many primes (and not just
for the small primes p = 2, 3, as was extensively investigated in [CMSZ93b]).
This will be used in Section 8.3 to give new examples of Ramanujan and
non-Ramanujan Cayley As-complexes.

Our proof of the above Theorem differs from those of [CMSZ93b| and
[Mum79] and proceeds as follows: First we prove the class number one prop-
erty for the unitary groups associated to our unitary and arithmetic data,
and use it to deduce the transitivity of the action of the p-arithmetic groups,
for almost all p. Secondly we use our congruence condition to remove non-
trivial elements stabilizing hyperspecial vertices, while still maintaining the
transitivity property. The first step differs from the proofs of [CMSZ93b]
and [Mum?79| and this is what enables us to prove our result for primes other
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than p = 2,3. The construction of the lattices (.#) and (%) is strongly
motivated by, and draws intuition from, the works of [Mum?79| and [KOO06].
However, we stress that our congruence conditions are different from the
ones appearing in the above mentioned works. More specifically, in [Mum79]
the congruence condition M was over the prime m = 7, while ours is over
m = 2, and in [KOO6] the congruence condition was M = (3), while ours is
over M = (3,14 ). The reason to find new congruence conditions which
guarantee a simply transitive action has to do with the Ramanujan conjec-
ture, as will become apparent in Section 7.

This section and the proof of Theorem 5.2 is organized as follows: In sub-
section 5.3, we construct maximal parahoric subgroups at each prime and for
each of the four unitary group schemes from Theorem 5.2 (Proposition 5.6).
In subsection 5.4, we give a criterion for the transitivity of the action of the
p-arithmetic groups, for almost all p, in terms of the unitary and the arith-
metic datum (Proposition 5.13). In subsection 5.5, we give a criterion for
the simply transitive action of certain congruence subgroups, assuming the
transitivity of the action, and depending on the congruence datum (Propo-
sition 5.19), and we also prove that the conditions in the previous two steps
holds for each of the four strong unitary datum in Theorem 5.2 (Proposition
5.22).

5.3. Parahorics.

Definition 5.3. Let (E,®) be a unitary datum of type (&), (¢), (#) or
(¢) as in Theorem 5.2, let G = U(F, ®), and let p be a prime. Except for
the special cases (¢,(p =)2) and (¢, 2), define the following subgroup of G,

K, = G(Zy) = {9 € GL3(0E,) : g"®g = 2},
and for the case (%, 2), define the following subgroup of G(Q2),
K32 {(g1,92) € GL3(Z2) x GL3(Q2) : g5 =gy "¢~}

using the splitting Ey & Qo x Qa, Op, = Zs X Zs and ® = (¢, ¢!) €
M3(Zp) x M3(Zyp).

Remark 5.4. We shall not deal with the case (¢, 2) in which a wildly ramified
extension arises. For a complete proof of case (¢) of Theorem 5.2 see [EP22].

Remark 5.5. The unique case under consideration in which K, # G(Z,) is
(¢,2). In this case, note that Ko contains G(Z2) as a proper subgroup of
finite index

(5.8)  G(Za2) = {(91,92) € GL3(Za) x GL3(Z2) : g2 = (¢") "' (g1)'0'}-

Proposition 5.6. The subgroups K, < G = G(Q,) defined in Definition
5.3 are maximal parahorics. Moreover, except for the special cases (M ,7),

(€¢,3), (H,5), (€¢,2) and (4,2), they are hyperspecial.
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The proof of Proposition 5.6 follows from the following Lemmas: Lemma
5.7 gives a characterization of maximal parahoric subgroups in terms of sta-
bilizer of vertices in the Bruhat-Tits building. Lemma 5.8 constructs hyper-
special maximal parahoric subgroups in all cases (&), (¢), (#), (¢), and
for all primes p, except for the following the special cases in which p divides
the determinant det ®: (.#,7), (¢,3), (¢,5), (¢,2) and (4,2). Lemma 5.9
constructs maximal parahoric subgroups in the special cases (.#,7), (¢,3),
(¢,5). Lemma 5.10 deals with the special case (¢,2).

Lemma 5.7. Let (E,®) be a unitary datum, G = Us(E, ®), p a prime and
Gp = G(Qp). Then K, < Gy is mazimal parahoric if and only if it is the
stabilizer of a vertex in the Bruhat-Tits building of G).

Proof. The proof follows from the main result of [HRO8|, together
with the fact that kernel of the Kottwitz homomorphism, kg :
G, — X*(Z (G)Gal(QP/QP)), is the entire group G), since the group

(G)Gal(Qp/QP) = U(1) is compact, hence X*(Z (G)Gal(QP/QP)) is triv-
ial. ([

A maximal parahoric subgroup is called hyperspecial if it stabilizes a hy-
perspecial vertex in the Bruhat-Tits building. If p splits then any vertex is
hyperspecial, if p ramifies then no vertex is hyperspecial, and if p is inert
then every vertex of degree p3 + 1 is hyperspecial.

Lemma 5.8. Let (E,®) be a unitary datum and G = Us(E,®). For any
prime p t disc®, the group

K, =G(Zy) = {9 € GL3(Og,) : g"®g =}

is a mazimal parahoric subgroup of G, = G(Qp). Moreover, if p { disc(E),
then K, is hyperspecial.

Proof. Let G = Resg /@G be the Weil restriction of scalars of G' from E to
Q and let Gal(E/Q) = {1,0} be the Galois group. Since E®q £ = E @ E,
we obtain that G(Q) = G(E) = {g = (g1, 92) € GL3(E) x GL3(E) : go =
®~1(g¥)~'1®}. By projecting to the first component we get an isomorphism
1+ G(Q) = GL3(E), «(9) = g1. The Galois group Gal(E/Q) acts on G by
o((g1,92)) = (92,91), and G is the Gal(E/Q)-fixed points of G. Under the
¢ isomorphism, Gal(E/Q) acts on GL3(E) through the following involution
0(g) = @ 1(g*)~1®. Note that G is equal the #-fixed points of GL3(E), i.e.
G =GLy(E)’ = {g € GL3(E) : 0(g) = g}.

Let B, = B(G,) be the Bruhat-Tits building of G, = G(Q,) and B, =
B(G,) the Bruhat-Tits building of G, = G(Q,) = GL3(E,). By Section 2.6.1
of Tits” survey article [Tit79] (excluding the case (£, p) = (Q[d], 2), which is
wildly ramified), By, is the Gal(£/Q)-fixed points of B, where Gal(E/Q) acts
on B, through its action on G,. The Bruhat-Tits building B, = B(GL3(E,))
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is a well understood object, for instance K, = GL3(O E,) is the stabilizer of
a hyperspecial vertex vy.

Since p t det ® and ¢ € Mg(OE) we have ®3 € GL3(Ofg,) and therefore

0(K,) = & 'K,® = K,. Since §(K},) is the stabilizer in GL3(E,) of (vy),

we get that 9(1}0) = v, l.e. vy € BGal(E/Q). Hence vg belongs to B, and

K,=G,nN Kp, which is the stabilizer of vy in G, is a maximal parahoric
subgroup of G, and it is hyperspecial if E,/Q, is an unramified extension,
which is when p 1 disc(E). O

Lemma 5.9. In each of the following cases the group
Ky = G(Zp) ={9 € GL3(OE,) : g°®g = 2},

is a mazimal parahoric subgroup of Gp = G(Qp).

3 )0 A
(M,7) E=QA=="T o= A 3 X |, andp=T.
A A3
10 —2(n+2) n+2
(¢.3) E=Qlp=142), 6 = | —2(7+2) 10  —2(n+2)
n+2 —2(+2) 10
and p = 3.
10 —2(n+2) n+2
(¢,5) E=Qp=15"2], & = | —2(7+2) 10 —2(n+2)
n+2 —2(+2) 10
and p = 5.

Proof. We continue with the notation in the proof of Lemma 5.8. Recall
that Gal(£/Q) acts on the Bruhat-Tits building B(GL3(E,)) through the
involution @, which acts on GL3(E,) by 0(g) = ®1(¢*)"1®, and it acts on
the building by sending the vertex vy to the vertex 6(vy) whose stabilizer is
0(GL3(Op,)) = @ 'GL3(Op,)®. Namely, since vy = [O%p] € B(GL3(Ep)),
then (vy) = @~ Ly = [@fl(’)%p].

Note that K, = G, N GL3(Og,) is the stabilizer in G, of vg = [O
B(GL3(Ep)). 1If 6(vo) is adjacent to wp, then the edge {wo,8(v
Gal(E/Q)-fixed, hence it is a vertex in B(G,). Therefore K, =
GL3(Og,) = G, N 0(GL3(Og,)) is a maximal parahoric subgrou
Hence it suffice to prove that 6(vp) is adjacent to vy.

Let ® = k1 - a - ko, where ki,k2 € GL3(Og,), a = diag(@w®, @, @),
@ € Op, a uniformizer, e; > ez > e3, be a Cartan decomposition of ®. Since
GL3(Og,) is the stabilizer of vy, the distance between 6(vy) = &1y, and
vg, is the same as the distance between a.vg and vg. So it suffices to prove
that a.vp and vy are of distance 1, which means that |e; — e;| < 1 for any
i,7 = 1,2,3. Hence we check that in each of the three cases (.#,7), (¢,3)
and (¢,5), the Cartan decomposition of ® satisfies the above condition.

b,) €
0)} is
Gp N
of Gy.
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(A ,7) The Cartan decomposition of ® satisfies the above condition,

w

P = kl w ,ICQ,

1
where @ = /—7 is a uniformizer in Op, and

1
(B™Y* € GL3(0g,), = -B7' € GL3(0Og,),
—1
—1

v 1 S GL3(OE7),
1 g p! 1/ \1

a € Z5 satisfies o? = =3, =142 € ZX, and y = =22 € OF.

(¢,3) The Cartan decomposition of ® satisfies the above condition,

w

¢ = kl w ]{Jg,

1
where @w = 1/—15 is a uniformizer in O, and

1
k1 = (B™Y* € GL3(Og,), ko= | -1 .B7 Y,
+2

=

1

1
_n+2
B =

5 1 1\ /V10 1
8 B 1 1 € GLg(OEs),
11 (a+w)~ 1) \1

—5and @ =1 mod 3, B = 2 € ZJ, and

=

1

a € Z3 satisfies a?
B =15% e pZs.

(¢,5) The Cartan decomposition of ® satisfies the above condition,

o = kl w /{?2,

w

where @w = 1/—15 is a uniformizer in Og, and

2
9
ki = (B*)_l S GLg(OEs), ko = 1]|-B7! S GL3(0E5),

1
n+2 1 g1 1 Ln+2-n2-a) 1
B=(2+a 2% 1 RS 1| € GL3(Ogy),

1 1 1 1
o € ZZ satisfies a® = —6 and @ =2 mod 5, and 3 = 12142) 7.

w
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(]

We are left to deal with the last remaining case (%,2). Note that p = 2

splits in the quadratic field £ = Q[n = PT‘/TB] of case (¢). The following
Lemma deals with this case, and more generally, it constructs a maximal
parahoric subgroup for any unitary datum (E,®) and any prime p that
splits in F.

Lemma 5.10. Let (E,®) be a unitary datum, G = Us(E,®) and let p be

prime that splits in E. Consider the splitting Ep = Q, x Qp, Op, = Zy X Z),
and let ® = (¢, ¢') € Ms(Z,) x M3(Zy). Under this splitting

G(Qp) = {(g1,92) € GL3(Qp) x GL3(Qy) | g5 = bg; "¢},

and the following is a hyperspecial mazimal parahoric subgroup of G(Qp),
Ky = {(g, (691 '67")") € GL3(Zp) x (¢') " GLs(Zp)¢'}.

Proof. For a split prime p, the isomorphism FE, = Q, x Q, is defined by
two conjugate idempotents v and v* (i.e. v?2 = v, 1 = v+ v* and vv* = 0)
together with v — (1,0) resp. v* +— (0,1). This induces the following
decompositions GL3(Ep) = GL3(Qp) x GL3(Qp), where g = g1v + gov* —
(g1, 92), and ® = (¢, ¢T), where ® = pv+¢ v*. Anelement g = giv+gov* €
G(E)p) belongs to G(Qy) if and only if (g1, g2) € GL3(Qp) x GL3(Q,) satisfies
g4 = d)gflgb_l. This induces the following isomorphism G(Qp) = GL3(Q)),
g = qiv + gov* — g1. The subgroup GL3(Zy) is a hyperspecial maximal
parahoric subgroup of GL3(Q,). By the above isomorphism between G(Q))
and GL3(Q)), the preimage of GL3(Z,) in G(Q)), which is precisely K, is
a hyperspecial maximal parahoric subgroup. O

Proof of Proposition 5.6. Follows from Lemmas 5.8, 5.9 and 5.10. U

5.4. Transitive actions. Let (F,®) be a unitary datum of one of the four
types in Theorem 5.2 and G = Us(E, ).

Definition 5.11. For any prime p, let K, be the maximal parahoric sub-
group of G, = G(Q,) in Definition 5.3. Define the following maximal open
compact adelic subgroup of G(A)

(5.9) K =GR [] K, < G(A).

Define the group of globally integral elements of G,

(5.10) I=G¢QK=cQ\]]X%»

For any prime p, define the principal p-arithmetic subgroup of G,

(5.11) " =G K*=G@Q]] Ke

t#p
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Remark 5.12. Note that for all cases except (¢,2), K, = G(Zp), and in
case (¢,2), G(Zp) is of finite index in K. Hence in all cases except (%),
K = G(RZ), T = G(Z) and T? = G(Z[1/p]), for any p. In case (%), G(Z) is
of finite index in I and G(Z[1/p]) is of finite index in I'?, for any p.

Proposition 5.13. Let (E,®) be a unitary datum, G = Us(E,®) and
Rp = {p prime : p| disc(E)}. Assume that the discriminant of ® is a prod-
uct of primes from Rp. Let L(s,xg) be the (continuation of the) Dirichlet
L-function of xg, the Dirichlet character associated to E/Q by class field
theory. For any prime p, let K, < G(Qp) be the mazimal parahoric subgroup
in Definition 5.5. If

(5.12) 0|~ = 2727 1Rel127 (0, xp) L(—2, xE),

then for any unramified prime p, the principal p-arithmetic subgroup of G,
I'? = G(Q) NIz Ke, acts transitively on the hyperspecial vertices of the
Bruhat-Tits building of G(Qp).

The proof of the above transitivity criterion comprise of the following
steps: First, we introduce the mass invariant of G and K (Definition 5.14).
Second, we give a mass formula relating the mass of G to the subgroup of
globally integral elements of G' and its twists (Lemma 5.15). Third, we show
that the assumption in Proposition 5.13 implies that the class number of
the group is one (Lemma 5.16). Finally, we show that class number one
property implies that the p-arithmetic subgroup of G acts transitively on
the corresponding Bruhat-Tits buildings (Lemma 5.17).

Definition 5.14. Define the mass of G/Q w.r.t. the maximal open compact
adelic subgroup K, to be

(5.13) Mass(G, K) := “(G(ﬁ)}{?m)) = > G@Q) Nng 'Kyl
9eG(Q\G(A)/K

where 1 is a Haar measure on the adelic group G(A). The class number of

G is

(5.14) #Class(G, K) = |G(Q)\G(A)/K]|.
Lemma 5.15. In the notation of Proposition 5.13,
(5.15) Mass(G, K) = 2727 1fel .1971 . 10, xg) - L(=2, xE).

Proof. This formula follows directly from Proposition 2.13 of [GHY01], which
gives

(5.16) Mass(G, K) =24 L(M) - 7(G) - [ ] Mo
veS
where in our case, d = [Q : Q] = 1 (the dimension of the number field

Q), ¢ = rankg(G) = 3 (the absolute rank of G), 7(G) = 2 (the Tamagawa
number of G/Q), L(M) = [Tt L(1 —i,x%) = 1271 - L(0, xg) - L(=2, X&)
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(the special value of the Artin-Tate motive associated to G), S = Rg (the
ramified primes of G) and A\, = 1/2 for p € Rg (the lambda factors at the
ramified places). The last fact follows from the local calculation in Section
3 of [GHYO01] and since for any p € Rg, K, has maximal reductive quotient

modulo p which is isomorphic to O; x Spo. O

Lemma 5.16. In the notation of proposition 5.13, if

(5.17) | = 2727 1REI127LL (0, 3 ) L(~2, ),

then G is of class number one, i.e.

(5.18) GA)=G(Q) K.

Proof. By Lemma 5.15, we get that

(5.19)

0 = Mass(G, K) — |GQ) NK|™' = > |GQ)Nng tKg|™

1#£geG(Q\G(A)/ K

Since all the finite groups G(Q) N g 'Kg are of size > 1, we get that

GQ\G(A)/K = {1}. O

Lemma 5.17. In the notation of Proposition 5.13, if G(A) = G(Q) - K,
then for any unramified prime p, the principal p-arithmetic subgroup of G,
I’ = G@Q)nN ﬂ#p Ky, acts transitively on the hyperspecial vertices of the
Bruhat-Tits building of G(Qp).

Proof. Since G, = G(Q,) acts transitively on the hyperspecial vertices of its
Bruhat-Tits building and G(Z,,) is the stabilizer of a hyperspecial vertex, we
get that I'P will act transitively if we can prove that

(5.20) Gp,=T7.K,.

Let g € Gp, and let G € G(A) be such that G, = g and G, = 1 if v # p.
By the class number one property, there exists ¢ € G(Q), considered as
i=1(q.¢.q,...) € GA), and k = (Koos ka2, ks, ...) € K, such that G=q-k.
For any ¢ # p, we get 1 = Gy = 4o - k¢ = q - ke, henceq:k[ € K.
Therefore, ¢ € G(Q) N ﬂg?ﬁp K, =TP?. Finally, from g = G =(qp- l;:p q-kp,
and the fact that k, € I'’, we obtain the claim. O

Proof of Proposition 5.13. Follows from Lemmas 5.15, 5.16 and 5.17. O

5.5. Simply transitive actions.

Definition 5.18. Fix a group G and a subgroup S. A subgroup H of G is
called transversal to S if

(521) G=H-S:={h-s: he HseS} and HnS={1}.
A subgroup H of G is called central transversal to S if
(5.22) G=H-S:={h-s: heH,seS} and HnNS cZ(G),
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where Z(G) is the center of G.

Proposition 5.19. Let M be an ideal of O above a prime m € Z (assume
m # 2 in case (C)) and denote,

(5.23) GM] =G(Zy,) mod M < GL3(Op/M).
Let H < G[M] be transversal to T' mod M < G[M], and assume that the
kernel of T' modulo M is trivial (resp. equal to the center Z(T')). Define for

any unramified prime p f m, the level H congruence p-arithmetic subgroup
and its quotient modulo the center

(5.24) AP={geT? : (g modm)eH}, AP =RAP/Z(AP).

If TP acts transitively on the hyperspecial vertices of the Bruhat-Tits build-
ing associated to G(Qp), then AP acts simply-transitively on the hyperspecial
vertices of the Bruhat-Tits building.

We note in passing that I' contains the center of I'? and therefore that the
center of I' and of I'” coincides. This follows from the fact that I' = I' N K,
is a stabilizer of a vertex in I'? and that the center of I'P is the point-wise
stabilizer of the entire building. A similar argument shows that T' N AP
contains the centers of A? and that the center of I' N A? and of AP coincide.

Lemma 5.20. In the notation of Proposition 5.19, assume that the kernel
of I' modulo M is trivial (resp. equals the center Z(I')). If H < G[M] is
transversal to T mod M < G[M], then for any prime p t m, AP < TP is
(resp. central) transversal to T'.

Proof. If v € T N AP, then modulo M, ¥ € TN H = 1, and since the kernel
of I modulo M is trivial (resp. equal the center Z(I")), we get that v = 1
(resp. v € Z( N AP) = Z(AP)). Let v € I'?, and consider it modulo M,
5 € G[M). Since G[M] = H - T, there exist 79 € T, such that 3y, € H.
Hence 'y'yal e AP, and therefore v = 'y’yal v € AP T. O

Lemma 5.21. In the notation of Proposition 5.19, if AP < TP is central
transversal to ', then AP = AP/Z(AP) acts simply-transitively on the hyper-
special vertices of the Bruhat-Tits building.

Proof. Note that I' = I'” N K, is the stabilizer in I'” of a hyperspecial vertex
vg. Since I'P acts transitively, for any other hyperspecial vertex v, there exists
~ € T'P? such that vy.vg = v. Write v = 179, where 71 € AP and vy € I'. Then
Y109 = 770_1.1)0 = 4.9 = v, hence AP acts transitively. By I'N AP = {I}
(resp. central), we get that AP acts simply modulo its center. O

Proof of Proposition 5.19. Follows from Lemmas 5.20 and 5.21. (|

The next Proposition shows that the four cases of Theorem 5.2 satisfies
the conditions of Propositions 5.13 and 5.19.
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Proposition 5.22. In the notation of Theorem 5.2, each of the four strong
unitary datum, (&), (4 ), (A ) and (€ ), satisfies the following two properties:

(i) L)~ = 2727 1R21127 1 L(0, x ) L(~2, x£).-
(i1) T embeds (resp. its kernel is the center for (#)) in G[M], and H <
G[M] is transversal to T.

Before proceeding with the proof of the above proposition, we first need to
show that case (&) is well defined, in the sense that H is indeed a subgroup
(case (¢) is well defined by Proposition 3.4 in [EP]).

1 %
Lemma 5.23. Let G = U3(Q[v/—3|,I) and H = x 1 % C G[3].
x k1
Then H is a normal subgroup of G[3]. Moreover, G[3] = Q x H, where § is
the subgroup of monomials of matrices with coefficients in (¢), ¢ = L‘Q/jg a
sizth root of unity.

Proof. First observe that G[3] = {g € GL3(F3[2]/(2%)) : g*g = I}, where
(9")i,j = 75 and a+ bz = a — bz. Writing g = a + bz, a,b € M3(F3), then
g € G[3] if and only if a'a = I and b = a'ba’. Let N = ker (modz) < G|3]
and note that N = {I + bz : b' = b} is an abelian normal subgroup. Let
g = a+bz € H. Since a;; = 1 for any 4, combined with the fact that a
sum of two non-zero squares in Fs is non-zero, we get that a = I. Therefore
H={g=1+bz:b =0, b; =0Vi}, which is a subgroup of G[3]. Next
note that QN H = {1} and that wHw™! C H for any w € Q (both claims are
easy to verify when w is either a permutation matrix or a diagonal matrix).
Finally note that for any g € G[